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PREFACE. 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Greometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact has been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and 'perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text. The given lines 
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of the figures are full lines, the lines employed as aids in the 
demonstrations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type; of what is reqidred in another, and 
the demonstration in still another. The rea^n for each step 
is indicated in small type hetween that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
.of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover, each distinct assertion in 
the demonstraiionSy and each particular direction in the construc- 
tions of the figures, begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration, 
• This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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attainment of information as to the discipline of the mental fac- 
tUties, 

It only remains to express my sense of obligation to Dr. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWORTH. 

Phillips Exeteb Academy, 
January, 1878. 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Ratio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THE TEAOHEB. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and wiU allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give weU-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a 6 as a 
limit ; if, however, x decrease and approach zero as a limit, the ai^e;^ 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^, y^, -f^^, T^Wir? ^^^-j *^^ 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into ^ (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^, 7^, ^^r^, etc., which approaches zero as a limit, 
we shall get the decreasing series, 2, \, -g^, -^^^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement. 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G.A.W. 

Phillips Exeter Academy, 
January, 1879. 
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BOOK I. 

RECTILINEAR FIGURES. 



Introductory Remarks. 

A ROUGH block of marble, under the stone-cutter's hammer, 
may be made to assume regularity of form. 

If a block be cut in the shape repre- y^ 

sented in this diagram, j^ 



1. 



mh^ 



It will have six flat faces. 

Each face of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surfaces, 

The sharp edge in which any two of these surfaces meet is 
called a Line, 

The place at which any three of these lines meet is called a 
Point, 

If now the block be removed, we may think of the place 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfacas as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Greometry, is a limited por- 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of wdimited length; 
of points apart from lines as having position, but no extent. 

Definitions. 

1. Dep. Space or Extension has three Dimensions, called 
Length, Breadth, and Thickness. 

2. Def. a Point has position without extension. 

3. Def. A Line has only 07ie of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Dep. A Surface has only two of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

5. Dep. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright 
surface ABCD move to the right to 
the position E F H K. The points 
A, B, C, and D will generate the lines 
AE,BF,CK, and B H respectively. G K 

And the lines AB, BD, DC, and A C will generate the sur- 
faces A F, BE, DK, and AK respectively. And the surface 
ABCD will generate the solid A H. 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to ff 
it is necessary to move East (if we suppose the direction A E to 
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be due East) a distance equal to A JS, North a distance equal to 
HF, and down a distance equal to FS. 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids ai*e sur&ces. 

7. Dep. Extension is also called Magnitude, 

When reference is had to extent, lines, surfaces, and solids are 
called magnitudes. 

8. Dep. A Straight line is a line which has 
the same direction throughout its whole extent. " 

9. Dep. A Curved line is a line which changes 
its direction at every point. 

10. Dep. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

1 1 . Dep. a Plane Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Dep. A Curved Surface is a surface no part of which 
is plane. 

13. Figure or formr depends upon the relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the Telative position of 
pointe-ffirthat surfece.: '^. 

/^ When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 






] 
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1 4. Def. a Plane Figure is a figure, all points of which 
are in the same plane. 

15. Def. Geometry is the science which treats of position, 
magnitude, and form. 

Points, lines, surfaces, and solids, with their relations, are 
the geometrical conceptions, and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures fonned by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mixtilinear figures. 

17. Def. Figures which have the same form are called 
Similar Figures. Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extent are called Equal Figures. 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known ; that is, a 
straight line is determined in position if its direction and one of 
its points be known. 

Hence, aU straigJU lines which pass through the same point in 
the same direction coiiidde. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straight line is determined in position if two of 
its points he knovm. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called the distance between the 
two points. 
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The point from which .a line is drawn is called its origin. 

19. If a line, q& C B, -^ f ^ ^ be produced through C, 
the portions C B and C A may be regarded as different lines 
having opposite directions from the point C, 

Hence, every straight line, 2a AB, d f, has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A B, and from B toward A, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 

longer or shorter. Thus by prolonging AB to C, i. f ^', 

AG = AB + BC', and conversely, BC^AG — AB. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is multiplied^ and the result- 
ing line is called a multiple of the given line. Thus, if -4 i? = 

BC = CD, etc., £_-f-_S ?.— ?, then AC=-2AB, AD = 

3^i?, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the 7ith 
part of a given line were not attainable, then the double, triple, 
quadruple, of the wth part would not be attainable. Among 
these multiples, however, we should reach the wth multiple of 
this ?ith part, that is, the line itself. Hence, the line itseK would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is always possible to add, snhti^act, multiply, and 
divide lines of given length. 

■ 21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directions. 

Two straight lines which have the same direction, vdthout coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight litiea which lie infhe same plane and have 
different directions must meet if suffideiitlt/ prolonged ; and must 
have one, and hut one, point in common. 

Conversely : Two straight lines lying in the same plane which 
do not meet have the same direction; for if they had different 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which m^et have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the thi'ee let- 
ters, putting the letter at the vertex hetvoeen the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 




calling it angle A, But in Fig. 2, H is the common vertex of 
two angles, so that if we were to say the angle H, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former aa 
the angle E H D, and the latter as the angle E H F. 
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The magnitude of an» angle depends wholly upon the extent 
of opening of its sides, and not upon their 
length. Thus if the sides of the angle BAG, 
namely, A B and A G, be prolonged, their 
extent of opening will not be altered, and the 
size of the angle, consequently, will not be 
changed * 

24. Def. Adjacent Angles are angles ^ 
having a common vertex and a cbmmon / 
side between them. Thus the angles / 

G DE and G D F aire adjacent angles. ^ D ^ 

25. Def. A Right Angle' \^ an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex arg equal. Thus if the 
straight line A B meet the straight line G D 
so that the adjacent angles ABG and ABB 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Actde Angle is an angle 
less than a right angle ; as the angle BAG. 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DUF. 

29. Def. Acute and obtuse angles, in 
distinction from right angles, are called ob- 

liqiAe angles; and intersecting lines which are not perpendicular 



B 




E 



-D 



to each other are called oblique lines, 

30. Def. The Gomplement of an angle is 
the difference between a right angle and the 
given angle. Thus A B JD is the complement 
of the angle DBG; also JDBC is the com- 
plemient of the angle ABD. 
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31. Dbf. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AG D \a the 
supplement of the angle BOB; also JDCB 
is the supplement of the angle AC B. 

32. Dbf. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles AOD and COB are 
vertical angles, as also the angles AO C 
SLudiDOB, 



D 
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On Angular Magnitude. 




33. Let the lines B B' and A A* be in 
the same plane, and let B B' be perpen- 
dicular to A A' at the point 0. 

Suppose the straight line C to move 
in this plane from coincidence with Ay 
about the point as a pivot, to the po- 
sition C ; then the line C describes or 
generates the angle AO C, 

The amount of rotation of the line, from the position OAto 
the position C, is the Angular Magnitude A 0, 

If the rotating line move from the position OA to the po- 
sition B, perpendicular to A, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB'y as indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position A^ 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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34. Now since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a plane, as AOB + BO C7+ COD, etc., in Fig. 1, is eqtial 
to four right angles; and the sum of all the angles about a point 
on one side of a straight line dravm through that point, as 
AOB+BOC+COD, etc., Fig. 2, is equal to two Hght 
angles. 

Hence two adjacent angles, OCA and OCB, ^ 

formed by two straight lines, of which one is 
produced from the point of meeting in both di- 
rections, are supplements of each other, and may 2. 
be called supplementary adjacerU angles. 

On the Method op Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume that a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, A B C smd A' B' C, Let 
the side B C he placed on the side 
B' C, so that the vertex B shall fall on B', then if the side B A 
fall on B'A\ the angle ABC equals the angle A' B' O \ if the 
side BA fall between B C and B' A' in the direction ^'i),the 
angle ^ J? (7 is less than A' B C ; but if the side J? ^ fall in the 
direction B E^ the angle A B C la greater than A' B^ C. 

This method of superposition en- q q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c D 

straight lines AB and (7Z>, by '^ ^ 

placing the point C on B, and keeping C D in. the same direc- 
tion with A By we shall have one continuous straight line A D 
equal to the sum of the lines A B 
andCi). 

Again : if we have the angles 
ABC and D E F, by placing 

the vertex B on E and the side q^ c 

BC m the direction of ED, the ^ ^f 

angle ABC will take the position \ i 

A ED, and the angles DE F a.nd \\ 

ABC will together equal the an- E Tf 

gle A EF, 



Mathematical Terms. 

36. Dbf. a i)ewM>7w^ra<M)» is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Dep. a Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dep. A Problem is a construction to be effected, or a 
question to be investigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. 

43. Def. A Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the 
enunciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

1. Things which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the sums are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the sums are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 

Let it be granted — . 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 



14 



GEOMETRY. — ^BOOK I. 



48. Symbols and Abbreviations. 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 

n parallel 
O parallelogram 
Z17 parallelograms. 

J_ perpendicular. 

J2 perpendiculars, 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than. 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

© circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

-T- divided by.. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollaiy. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. F. quod erat faciendum. 

Adj. adjacent. 

Ext.-int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

IlL illustration. 



PESPENDICULAB AND OBLIQUB LINB8. 15 

On Perpendicular and Oblique Lines. 

Proposition I. Theorem. 

49. When one straight line crosses another straight line 
the vertical angles are equal. 




P 
Let line OP cross A B at C. 

We are to prove Z OCB = Z. A OF. 

Z OCA + A OCB = ^^,A, § 34 

i)>eing sup.-adj. A), 

ZOCA + ZACP-=2Tt.A, ' §34 

(being sup. - adj. A). 

.\ZOCA + ZOCB = ZOCA-\-ZACP. Ax. 1. 

Take away from each of these equals the common ZOG A, 
Then ZOCB = Z ACP, 

In like maimer we may prove 

ZACO = Z PCB. 

^ Q. E. D. 

60. Corollary. If two straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to fouf right angles. 
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Proposition II. Theorem. 

51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the same 
straight line. 



^'F 




Let the adjacent angles Z0CA + Z0CB = 2rt. A. 
We are to prove A and C B in the same straight line. 
Suppose C -F to be in the same straight line with A C. 

Then Z0CA-\-Z0CF=2^,A. §34 

{Jbeing sup. -adj. A ), 

But ZOCA + Z OCB.= 2 rt. A Hyp. 

.'.Z OCA + Z OCF=Z OCA + Z 00 B. Ax. 1. 

Take away from each of these equals the common Z G A, 

Then ZOCF^ZOCB. 

.'. C B and (7 JF^ coincide, and cannot form two lines as rep- 
resented in the figure. 

,\ AC and (7 -5 are in the* same straight line. 

^ Q. E. D. 
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Pbopositioit III. Theorem. 
52. A perpendicular measures the shortest distance from 
a point to a straight line. 




Let AB be the given straight line, C the given point, 
and C the perpendicular. 

We are to prove C <^ any otiier line drawn from C to A By 
as OF. 

Produce COtoE, making OE=CO. 

Draw EF. 
On ^ 5 as an axis, fold over (7 J' until it comes into the 
plane of Oj^i^. 

The line C will take the direction oiOE, 
{since A. COF= AEOF, each, being a rt. /.). 

The point C will fall upon the point E, 

(since 00= Ehy cons.), 

.-.line 0'i^=linei^iS:, 

{having their extremities in the same points). 

.'.CF-^ FE=-2CF, 
C0+ 0E=2 CO, 

C0+ OEKCF+ FE, 

{a straight line is the shortest distance between two points). 
Substitute 2 C for C -i- OE, 

and 2 CFfoiOF-i- FE; then we have 

2CO<2CF. 

.'.CO<CF. 

Q. E. D. 



and 

But 



§ 18 

Cons. 
§ 18 
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Proposition IV. Theorem. 

53. Two oblique lines drawn from a point in a perpen^ 
dicular, cutting off equal distances from the foot of the per^ 
pendicular, are equal. 




Let F C be the perpendicular, and C A and C two 
oblique lines cutting off equal distances from F, 



We are to prove C A = C 0, 

Fold over C FAy on (7 -F as an axis^ until it comes into the 
planeof Ci^'O. 

FA will take the direction of FO, 
(since Z CFA = ZCFO, each heiTig art. Z ). 

Point A will fall upon point 0, 
{FA = FO, by hyp.). 



.-.Hne (7^ = line CO, 
(their extremities beirig the same points). 
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Q. E. D. 
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Proposition Y. Theorem. 

54. The mm of two lines drawn from a point to the ex^ 
tremities of a straight line is greater than the sum of two ^ 
other lines similarly drawn, but included hy them. 




Let C A and C B be two lines drawn from the point C 
to the extremities of the straight line A B. Let A 
and B be two lines similarly drawn, but included 
byCAandCB. 

We are to prove VA'\-CB>OA + OB. 

Produce AO to meet the line C B dX E, 

Then ^ AC -^ C E> AO + E, §18 

(a straight line is the shortest distance between tvx) points), 

and B,E+ 0E> BO. §18 

Add these inequalities, and we have 
CA'^OE+BE+OE>OA + OE+OB. 
Substitute for C E + B E \\& equal OB, 

and take away E from each side of the inequality. 
We have CA^ CB>OA + OB, 

Q. E. D. 
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Proposition VI. Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular y cutting off unequal distances from the foot of 
the perpendicular y the more remote is the greater. 
C 




Let C F he peipendicular to A B, and C K and G H two 
oblique lines cutting off unequal distances from F. 

We are to prove Off > OK. 

Produce CFio F, making FF=CF. 
Bmw F K SLiid F H, 

CH=ffF,a.ndCK=KF, §53 

(ttoo obliqtte lines dratvn from the same point in a ±, cutting off equal dis- 
tances from the foot of the ±, are equal). ^ 

But CE+ ffF>CK+ KF, , §54 

(7%e sum of two oblique lines dravm from a poini to the extremities of a 
straight line is greater tham, the sum of two other lines similarly dravm, 
but included by them); 

.-.2 CH>2 OF; 

.\CH>CK. 

Q. E. D. 

56. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
dicular. 



PERPENDICULAB AND OBLIQUE LINES. 



21 



Proposition VII. Theorem. 

57. Two equal oblique lines, drawn from the same point 
in a perpendicular y cut off equal distances from the foot of 
the perpendicular. 




Let F be the perpendicular, and C E and C'K he two 
equal oblique lines drawn from the point C. 

We are to prove FE = F K. 

Fold over C F A on C -F as an axis, until it comes into the 
plane oiC FB, 

The line FE will take the direction F K, 
{/. CFE= A CFK, each being a H. Z). 

Then the point E must fall upon the point K ; 

otherwise one of these oblique lines must be more remote from 
the ±, 

and .*. greater than the other; which is contrary to the 
hypothesis. § 55 

.\FE^FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

58. If at the middle point of a straight line a perpen^ 
dicular be erected, 

I. Any point in the perpendicular is at eqtcal distances 
from the extremities of the straight line,^ 

n. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 




Let PR be a perpendicular erected at the middle oi 
the straight line AB, any point in PE, and C any 
point without PR. 

I. Draw 0^ and A 
We are to prove A = B, 
Since PA=PB, 

OA = OB, §53 

(two ohliqite lines drawn from, the same point in a ±, cvUing off equal dis^ 
tancesfrom the foot of the ±, are equaX). 

II. Draw (7^ and (75. 

We are to prove C A and G B unequal. 

One of these lines, as C Ay will intersect the J-. 
From 2>, the point of intersection, draw D B. 
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BB^DA, §53 

(twc oblique lines dravm from the same point in a ±, cutting off equal dis- 
tances from the foot of the ±, areequaX), 

CB<CD + DB, §18 

(a straigM line is the shortest distance betvjeen two points). 

Substitute for DB its equal BA, then 
CB< CI) + DA. 
But Cl)'\- DA = CA, Ax. 9. 

.\CB<CA. 

Q. E. D. 

59. The Locus of a point is a lime, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complement 1 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be J of a right angle, what is its complement 1 

4. If an angle be J of a right angle, what is its supplement 1 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can be drawn ; . and from a point without a 
straight line only one perpendicular to that line can be drawn. 

AE 



B 

Fig. 1. 



D 



EB 

Fig. 2. 



D 



Let BA {fig, 1) be pezpendicnlar to C B at the point B. 

We are to prove B A the only perpendicular to G D at the 
point B. 

If it he possible, let BE he another line l.to C D a.i B, 
Then Z BBJD 18 art. Z, §26 

But ZABD is SLTt.Z, §26 

.\ZEBD = ZABD. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but B A 
is ± to C7i> at ^. 

Let ABifig, 2) be perpendicular to CD from the point A. 
We are to prove A B the only A^to D from the point A. 

If it be possible, let AE he another line drawn from A JL 
io CD. 

Conceive Z AE B to be moved to the right until the ver- 
tex E falls on B, the side E B continuing in the line CD. 

Then the line E A will take the position B F. 

Now if i ^ be ± to C A ^^is ± to CD, and there will 
be two Js to (7 i> at the point B ; which* is impossible. 

In like manner, it may be shown that no other line but 
ii ^ is ± to CD from A, q, e, d, 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; whicH 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet. § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, 

66. Through a given point only one line can he drawn par- 
allel to a given line, § 18 




If a straight line EF cut two other straight lines AB 
and CD, it makes with those lines «ight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. * 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Exterior-interior angles. 
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Proposition X. Theorem. 

67. If a Btraigjit line he perpendicular to one of two 
parallel line9y it is perpendicular to the other, 

H 



A 







■ 

p - 



-N 



Let A B and E F be two parallel lines, and let HK be 
pezpendicular to A B, 

We are to prove HK JL to EF.^ - 

\' . . ThiovLgh C drsiw MN[± to EK. 

, A 

Then MN is II toAB. § 65 

(Two lines in the same plane ±to a given line are parallel). 

But JS'i^ is II to -4 B, Hyp. 

.-. E F coincides with 3fK § 66 

{Through the same point only one line caai he drawn II to a given line), 

.\EFis±toffK, 
that is IlKis±toEF. 

Q. E. D. 
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Proposition XL Theorem. 

68. If two parallel straight lines be cut hy a third 
straight line the alternate-interior angles are equal. 



E 




A B 


IT 


, y 


-m-m 


G 


C 


D 


-a 



Jjet EF and GH be two parallel straight lines cut by 
the line BC. 

We are to prove A B = /. G, 

Through 0, the middle point of B G, draw ADl.\joGH. 

Then AB\^ likewise 1^\^EF, § 67 

(a straight line ± to one of two Wais Xto the other), 

that is, G B and ^ ^1 are both -L to ii i>. 

Apply figure GOD to figure BOA so that OL shall M 

onO^. 

Then C will fall on B, 

(^9VMxjLC0B — Z.B0A, being vertical d) ; 

and point G will fall upon B, 

(since C= OB by constrttction). 

Then ±GB will coincide with ±BA, § 61 

(from a point toitliout a straight line only one 1. to thai line can be drawn), 

.*. Z 0GB coincides with /. B A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are parallel, is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 

69. Conversely : When two straight lines are cut by a 
third straight line^ if the alternate-interior angles be equal, 
the two straight lines are parallel. 




Let EF cut the straight lines A B and C D in the points 
H andK, and let the Z, AHK= Z. HKD. 

We are to prove A B II to C D. 
Through the point H draw MN II to CZ) ; 

then Z MHK = Z HKD, § 68 

{being alt. 'int. A). 

But Z A HK = Z HKB, Hyp. 

.-. Z MHK =ZA HK. Ax. 1. 

.'.the lines MN and A B coincide. 
But MNS& II ioCD\ Cons. 

r. AB, which coincides with MN, is II to CD. 

Q. E. D. 
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Proposition XIII. Theorem. 

70. If two parallel lines he cut hy a third straight line, 
exterior-interior angles are equal. 

E 




Let AB and C D be two parallel lines cut Jjy the 
straight line E F, in the points H and K. 

We are to prove Z EHB = Z HKD. 

ZeHB=^ZAHK, §49 

(being vertical A). 

But ZAffK=ZffEI), §68 

(being aU.-int, A), 

.'.ZEffB^ZffKD. Ax. 1 

In like manner we may prove 

ZEffA^ZHKC. 

CL E. D. 



71. Corollary. The alternate-exterior angles, EffB and 
CKF, and also A HE and B KFy are equal. 
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Proposition XIV. Theorem. 

72. CJoNVERSELY : When two straight lines are cut by a 
third straight line, if the exterior-interior angles he e^ual^ 
these two straight lines are jparallel. 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z EHB = Z UKD. 

We are to prove AB II to C I) . 
Through \hep0i7d H draw the straight line MN II to CD. 



Thea AEHN=/.HKD, 


§70 


(being ext.-iiU. A). 




But Z EHB = Z HKD. 


Hyp. 


.: A EHB = Z EHN. 


At. 1. 


.•.the lines MN and A B coincide. 




But MN-^s. 11 toCA 


Cons. 


.*. A B, which coincides with MN, is 11 to CD. 




Q. 


E. D. 
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Proposition XV. Theorem. 

li. If ttoo parallel lines he cut hy a third straight line, 
the mm of the two interior angles on the same side of the 
secant line is equal to two right angles, 

E 




Let AB and C D be two parallel lines cut by the 
straight line EF in the points H and K, 

We are to prove A BHK + Z HKD = two H. A, 

Z EHB + Z BHK=- 2 rt. ^, § 34 

{being sup.-adj. /i). 

But Z EHB = Z HED, § 70 

(being exi.-int. A ). 

Substitute Z HKB for Z EHB in the first equality; 
then Z BHK + Z HKB = 2 rt. A 

Q. E. D. 
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Proposition XVI. Theorem. 

74. Conversely ; When two straight lines are cut by a 
third straight line, if the two interior angles on the same side 
of the secant line he together equal to two right angles, then 
the two straight lines are parallel. 



E 




Let EF cut the straight lines AB and CD in the 
points H and K, and let the Z BHK + Z HKD 
equal two light angles. 

We are to prove AB II to CD, 

Through the point H draw MN II to CD. 

Then Z NHK + Z HKD = 2 rt. 2^, § 73 

(being two interior A on the same side of the secant line). 

But Z BffK-\- ZffKD = 2Tt,A. Hyp. 

.\Z]!^ffK+ZffXD = ZBJIK+ZHKD, Ax. 1. 
Take away from each of these equals the common ZJIED, 
then ZNHK^ZBHK, 

.', the lines A B and MJ^ coincide. 
But MJSTis II to CD; Cons. 

.'.AB, which coincides with if iT, is II to CD, 

Q. E D. 
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Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other. 



I 


T 



c 


P 


•n 









D 



Let AB and C D be paraUel to EF. 

We are to prove AB W to C D. 

Bmw JIK± to EF, 

Since C B md FF&re II, EK is ± to C2), § 67 

{if a straight line be ± to one of two \)s, it is ± to the other also). 

Since A B and FFsltb II, HE is also ±toAB, § 67 

.\ZffOB = ZffPD, 

(each being art. Z). 

.'. .1 ^ is II to CD, § 72 

(wTien two straight lines are cut by a third straight line, if the ext. -int. A 
be eqiuil, the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 
from each other. 

E M H ^ 
A , i 1 B 



^ p p K ^ 

Let A B and CD be two parallel lines, and from any 
two points in A By as JS and H, let EF and HK 
be drawn perpendicular to A B, 
We are to prove E F = H K. 

Now EF and HK are ± to C7 A § 67 

{a line ± to one of two Wais ±tothe other also). 

Let M be the middle point oi E H, 
Draw MP A.io AB, 
On MP as an axis, fold over the portion of the figure on 
the right oi MP until it comes into the plane of the figure on 
the left. 

MB will faU on MA, 
(for /.FMH= APMEy ecu^h being a rt. Z) ; 

the point H will fall on E, 
{far MH= MEyhy hyp.) ; 

J7^ will fall on Jg'F, 

{for Z.MHK=AMEFy each heiiig art. Z); 

and the point K will fall on EF, or EF produced. 

Also, Pi) will fall on P a, 
{Z MPK= Z MPF, each being a rt. Z) ; 

and the point K will fall on PC. 

Since the point K falls in both the lines EF and P C, 

it must fall at their point of intersection F. 

.'.ffX=EF, § 18 

{their extremities being the same points). 

Q. E. D. 
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Proposition XIX. Theorem. 

77. Two angles whose sides are parallel, two and two, 
and lie in the same direction, or opposite directions, from their 
vertices, are equal, 
A D 




Fig. 1. 

Let A B and E (Fig. 1) have their sides B A and ED, 
and BG and EF respectively, parallel and lying 
in the same direction from, their vertices. 

We are to prove the /. B=' /. E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at i/^; 

then AB=-ZDHG, §70 

{being ext.-int. A ), 

and ZE^ZBHC, §70 

.\ZB = ZE. Ax. 1 

Iset A B' and F? {Fig. 2) have B' A' and E' Z)', and B' C" 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the Z B' ^ Z E'. 

Produce (if necessary) two sides which are not II until they 
intersect, as at W. 

Then Z B! = Z E Ef C, § 70 

• (pemg ext. -int. A ), 

and ZE' = ZE'H'C', §68 

(being alt. -int. A ) ; 

.-. ZB'^Z E', Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 

78. If two angles have two sides ^parallel and lying in 
the same direction from their vertices^ while the other two 
sides are parallel and lie in opposite directions^ then the two 
angles are supplements of each other. 




Let ABC and DBF be two angles having; B C and ED 
parallel and lying in the same direction from their 
vertices, while E F and B A are parallel and lie in 
opposite directions. 

We are to prove A ABC and Z D EF supplements of ea/Ji 
other. 

Produce (if necessary) two sides which are not II until they 
intersect as at ZT. 

ZABC=^ZBHD, §70 

(hdng extMnt. A). 

ZDEF=-ZBHE, §68 

(being alL-irU. A). 

But Z BED and Z B HE are supplements of each other, § 34 
{being sup.-adj, A ). 

.'. Z ABC and Z D E F, the equals of Z BED and 
ZBE Ey are supplements of each other. 

Q. E. D. 
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On Triangles. 
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79. Dep. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects. 

81. Def. In two equal triangles, the equal angles are called 
ffomoloffotis angles, and the equal sides are called Homologous 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 




83. Def. A Scalene triangle is one of which no two sides 
are equal. 

84. Def. An Isosceles triangle is one of which two sides 
are equal. 

85. Def. An Equilateral triangle is one of which the three 
sides are equal. 

86. Def. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the sid.e which is not one of the 
equal sides is considered the base. 
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87. Def. a Right triangle is one which has one of the 
angles a right angle. 

88. Def. The side opposite the right angle is called the 
Hypotenibse, 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An Acute triangle is one which has all the angles 

acute. 

C 

/ 




EQUIANGULAR. 




91. Def.. An Equiangular triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z CBD. 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and C. 
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96. Any side of a triangle is less than the sum of the 
other two sides. 

Since a straight line is the shortest distance between two 
points, 

AC<AB + BC. 

97. Any side of a triangle is greater than the difference 
of the other two sides. 

In the inequality ACKAB-^BC, 

take away A B from each side of th6 inequality. 

Then AG — AB<BC\ or 

BOAG-AB. 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the Iocub of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 



40 GEOMETRY. — BOOK I, 

Pboposition XXL Theorem. 

98, The sum of the three angles of a triangle is equal 
to two right angles, 

B E 



/ 



^. g, ^ 

Let ABC he a triangle. 

We are to prove Z B + Z. B CA + Z A = itffo rt. ^. 

Draw CEWio AB, and prolong A C, 

ThenZ ECF+ Z HCB + Z BC A =^2rt. A, § 34 

(^ sum of all the A about a point on the same side of a straight line 
= 2rt. A). 

But . ZA=Z EOF, § 70 

r ext.-int. A\ 



B.iidZB = ZBCE, , § 68 

{bei7ig alt. -int. A). 

Substitute fovZECFandZB CE their equal A, A and B. 
Then ZA+ZB + ZB0A = 2Tt. A. 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equal. 
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101. Cor. 3. If two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. CoR. 4. In a triangle there can be but one right angle, 
or one obtuse angle. 

103. CoR. 6. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXII. Theorem. 

105. The exterior angle of a triangle is equal to the sum 
of the two opposite interior angles. 




C 

Let BG H he an extezior smgle of the iiiangle AfiC. 

We are to prove Z B CH^Z A + Z B. 

Z BCJI-b ZACB = 2Tt,A, § 34 

(beirvg swp.-adj. A). 

Z A + Z B + Z A OB =- 2 Tt A, § 98 

{three AofaA = two rt. A ). 

.\ZBCH+ ZACB=^ZA + ZB^ ZACB. Ax. 1. 
Take away from each of these equals the common Z AC B\ 
then ZBCH=ZA + ZB. 

Q. E. D. 
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Proposition XXIII. Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of the one are equal respectively 
to two sides and the included angle of the other. 




B Ai 




In the triangles ABC and A' B' C, let AB^A'B'y 
A G=^A'C',ZA=/.A', 

We are to prove A ABC= A A' B' C. 

Take up the A -4 ^ C and place it upon the A A^ B^ C" so 
that A B shall coincide with A' B', 



Then A C will take the direction of A' C, 
{for Z.A = AA'yhy hyp,), 

the point C will fall upon the point C\ 
{farAO=A'Cr,byhyp.); 

.\CB=^C'B', 

{their extremities being the same paints). 



§ 18 



•*. the two A coincide, and are equal in all respects. 

^ Q. E. D. 
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Proposition XXIV. Theorem. 

107. Two triangles are equal in all respects when a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other. 

C O 





B Ai 



In the triangles ABC and A' B' C, let A B == A' B', 
ZA=ZA^,ZB = ZB\ 

We are to prove A A BC = A A' B' O. 

Take up A ABO and place it upon A A' B' C, so that 
A B shall coincide with A' B', 

A C will take the direction of A' C, 
(for /.A = AA'yhy hyp,) ; 

the point C, the extremity of A C7, will fall upon A' C or 
A' C produced. 

^ C wHl take the direction of B' G'y 
{f(rrZ.B = Z.Bf,byhyp-)', 

the point (7, the extremity of B C, will fall upon B* C" or 
B' C produced. 

.•. the point C, falling upon both the lines A' C and B' C", 
must fall upon a point common to the two lines, namely, Q', 

.*. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXV. Theorem. 

108. Two triangles are equal when the three sides of the 
one are equal respectively to the three sides of the other, 
B Bf 





In the triangles ABO and A' B C", let AB=^ A' Bf, 
AG^A'C, BG-=-B'C'.. 

We are to prove A ABC =^ A A' B' C. 
Place A A^ B' C in the position A B' C, having its greatest 
side A* C in coincidence with its equal A C, and its vertex at 
B*, opposite B. 

Draw B B' intersecting AC Q,i H, 

Since AB=-AB', Hyp. 

point -4 is at equal distances from B and B*. 

Since BC-=B'Cy Hyp. 

point C is at equal distances from B and B', 

.\ A C ia ± to BB' at its middle point, § 60 

(tico points cU equal distances from ths extremities of a straight line deter- 
mine tJie ^^ at the middle of that line), 

Now if A AB' ChQ folded over on AC as an axis until it 
comes into the plane ofAABCy 

ffB'willMionffB, 
(for Z A HB = ZA HB\ each being a rL Z), 

and point B' wiU fall on B, 
{forBBf = HB). 

**. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVI. Theorem. 

109. Tioo right triangles are equal when a Me and the 
temise of the one are equal respectively to a side and the 
hypotenuse of the other, 

A At 




C B^ 




In the light triangles A B C andA' B'C, letAB^^A'B', 
and AG^A' C. 

We are to prove AABC==A A' B'C. 

Take up the A -4 ^ (7 and place it upon A A' B' C'y so that 
A B will coincide with A' B', 

Then ^ C wiU fall upon B' C, 

{for /.ABC= ZAfB' C, each heiiig a rt. Z), 

and point C will fall upon C^ ; 

otherwise the equal obHque lines A C and A' C would cut 
off uneqvxd distances from the foot of the J_, which is im- 
possible, § 57 
(two equal oblique lines from a point in a jLcuUoff eqtuil distances from the 
foot of the 1.). 

•*• the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other. 

A Af 





In the light triangles ABO and A' B' C, letAG== A' C, 
and ZA = Z A'. 



We are to prove A ABO = A A'B'C. 
AO^A'O', 
ZA==ZA\ 



Hyp. 
Hyp. 



then ZO = ZO\ § 101 

(if two rt, A have an aciUe Z of the one eqiml to a/n acute /. of the other^ 
then the other acute A are equal). 

.\AABO = AA'B'0', § 107 

(^wo ^ are equal when a side and two adj. A of the one are equaZ 
respectively to a side and two adj. A of the other). 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively t(yan 
homologous side and acute angle of the other. 
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Proposition XXVIII. Theorem. 

112. In an isosceles triangle the angles opposite the 
equal sides are equal. 

C 




Let ABC be an isosceles triangle, having the sides 
A C and C B equal. ^ 

We are to prove A A= Z. B, 

From C draw the straight line C-^ so as to bisect the 
AAGB, 

In the A A CE^vABOE, 

AG=BO, Hyp. 

CE=CE, Iden. 

' ZACE=^ZBCE; Cons. 

.\AACE = ABCE, §106 

(fujo ^ are equal when two sides and the included Z of the one are equal 
respectively to tvx> sides and the included Z of the other). 



.\ZA=ZB, 

{being hoTHologous A of equal ^ ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle he produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at the vertex 
af an isosceles triangle divides the triangle into two equal 
triangles y is perpendicular to the base, and bisects the base. 

C 




Let the line G E bisect the Z A GB of the isosceles 

AAGB. 

Wearetoprove L A A G JS = A BG B; 
11. lineGB±toAB; 
in. AB = BB, 



I. Inihe A AGB and BGB, 
AG=^BG, 
GB=GB, 
ZAGB^ZBGB. 



Hyp. 
Iden. 
Cons. 
§ 106 



.\AAGE = ABGE, 

(haviTig two sides and the included Z of the one equal respectively to two sides 

and the inchided Z of the other). 

Also, n. Z GEA = Z GEB, 

{beiyig homologous A of equal A ). 

.-. Ci^is±to AB, 
(a straight line meeting another ^ making the adjacent zi equal, is A. to 

that line). 

Also, IIL AE = EB, 

{being homologous sides of equal A ). 

Q. E. D. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle he equal y the sides op- 
posite the equal angles are equal, and the triangle is isosceles. 




Xn the triangle ABC, let the Z£ = ZC. 

We are to prove A£ = AC. 

DTa.wAD±toBC. 
lniJ[ieTt. A A D£ and ADC, 

AI) = AI), Iden. 

ZB = ZG, 

.\ Tt. A A D B = It, A A D C, § 111 

(haviTig a side and an acute Z of the one equal respectively to a side and an 
a^iute A of the other), 

.\AB = AC, 

(being Jiomologous sides of equal ^), 

Q. E. D. 



Ex. Show that an equiangular triangle is also equilateral 
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Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other, but tlie included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater tJian the third side 
of the second. • 




E 

In the A ABC and ABE, let A B =^ A B, BC'^BE; 
but ZABOZABE. 

We are to prove AO A E, 

Place the A so that AB of the one shall coincide with A B 
of the other. 

Draw J5^so as to bisect Z EBC, 
Drdiw EF, 
Jnthe A EBF and CBF 

EB = BC, Hyp. 

BF=BF, Iden. 

ZEBF=ZCBF, Cons. 

.-. the AEBF and OBF are equal, § 106 

{Jiaving two sides and the included Z of one equal respectively to two sides 
and the included /.of the other), 
.\EF^FC, 
{being homologous sides of equal A ). 
I^ow AF+FE>AE, §96 

(the sum of two sides of a l^ is greater than the third side). 
Substitute for FE its equal FC, Then 
AF-¥ FOAE', or, 
AOAE. 

Q. E. D. 
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Proposition XXXII. Theorem. 

116. Conversely: If two side^ of a triangle be equal 
respectively to two sides of another y hut the third side of the 
first triangle he greater than the third side of the second, then 
the angle opposite the third side of the first triangle is greater 
tlian the angle opposite the third side of the second. 




In the A ABC and A' BO, let AB == A^B', AC = A^ C; 
but BOB' C. 

We are to prove /. A^ /. A', 
If ZA=-ZA', 

then would AABC^AA'B'C, §106 

QuLvmg tvjo sides and the included A of the one equal respectively to tv30 sides 
and the included Z of tJie other), 

and BC = B'C\ 

(peing homologous sides of equal ^ ). 

And if - A<A', 

then would BC<BC', § 115 

(tf two sides of a IS, he equ^al respectively to two sides of another A, but the 
included /.of the first be greater than the in>cluded Z of the second, the 
third side of the- first unll be greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis ; 

W Z A does not equal Z A', and is not less than /.A', 

.'.ZA>Z A'. 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two sides of a triangle, that is the greater 
which is opposite the greater angle » 




In the triangle ABC let angle ACB be greater than 
angle B, 

We are to prove AB> AC. 

Draw CE so as to make /LBCE = /LB. 

Then EC = EB, §114 

{being sides opposite equal A. ). 

Now AE-\' EOAC, §96 

ifhe sum of two sides of a A is greater than the third side). 

Substitute for ^ (7 its equal E B, Then 

AE-V EB>AC, or 

AB>AC, 

Q. E. D. 



Ex. ABO and ABD are two triangles on the same base 
A B, and on the same side of it, the vertex of each triangle 
being without the other. Ji AC equal AD, show that BG 
cannot equal B D, 
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Proposition XXXIY. Theorem. 

118. Of two angles of a triangle y thai u the greater 
which, is opposite the greater side. 



B 




C 

In the tziangle ABC let A B be greater than A C. 
Wearetoprove Z ACB>ZB, 

Take A E equal to AC; 

Dt&wEC. 

AAEC = ZACE, § 112 

(f)eing A opposite eqtuil sides). 

But ZAEOZB, §105 

{an exterior Z. of a A is greater than eUker opposite irUerior Z), 

and ZACB>ZACE. 

Substitute iov Z ACE its equal Z AEC, then 

ZACB>ZAEC, 

Much more \^ZACB>ZB. 

Q. E. D. 



Ex. If the angles ABC and ACB, at the base of an 
isosceles triangle, be bisected by the straight lines B D^ CD, 
show that BBC will be an isosceles triangle. 



C 
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Proposition XXXV. Theorem. 
119. The three bisectors of the three angles of a triangle 
meet in ajpoint. 




p -c. 

fset the two bisectors of the angles A and p meet 
at 0, and OB be drawn. 

We are to prove B bisects the Z. B, 

Draw the J§ 0^, OP, and OH. 

In the rt. A CiT and CP, 

00= 00, Iden. 

/.OOK=ZOOPr Cons. 

.\AOOK = AOOP, §110 

(huving the hypotenvM and an a^nUe A of the (me eqtial respectively to the 
hypotenuse and an acute Z, of the other), 

.\OP=OK, 

(homologous sides of equal A). 

In the ^^., ^OAPzxAOAH, 

OA = OA, Iden. 

ZOAP = Z OAff, Cons. 

.'.AOAP = AOAff, §110 

[having tJie hypotenuse and an axyute /. of the am eqwd respectively to the 
hypotenuse and an acute Z of the other), 

.\OP=-OH, 

{being homologous sides of equal A ). 

But we have already shown P ^ K, 

.\OH=OK, Ax. 1 

Now in rt. A OHB and KB 
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OH=^OK,B.TAOB=-OBy 

.\AOHB = A KB, • §109 

(Jiomng the hypotenuse and a side of the one equal respectively to the hypote- 
nuse and a side of the other), 

.'.Z OBH = Z OBK, 

(being homologous A of equal A ). 

Q. E. D. 

Proposition XXXVI. Theorem. 
120. T/ie three perpendicular erected at the middle 
points of the three sides of a triangle meet in a point, 
A 




F 

Let Diy, E E\ FF\ be three perpendiculars erected 
at 2), F, F, the middle points of AB,A C, and B C. 

We are to prove they meet in some point, as 0. 

The two ^ D D* and E E' meet, otherwise they would be 
parallel, and A B and A C, being J§ to these lines from the same 
point A, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in 2) 2)', which is i. to -4 -ff at its middle 
point, it is equally distant from A and B. § 59 

Also, since is in -^j^', -L to -4 (7 at its middle point, it is 
equally distant from A and C. 

^ .'. is equally distant from B and C; 

.-. is in FF ± to ^ (7 at its middle point, § 59 

{fhe locus of aZl points equally distant from the extremities of a straight Urn 

is the ± erected at the middle of thai line), 

Q. E. D. 
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Proposition XXXVIL Theorem. 



y 



121. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point, 

B' 




|! 



In the triangle ABC, let B P, AH, C K, he the per- 
pendiculars from the vertices to the opposite 
sides. 



We are to prove they meet in some point, as 0. 




Through the vertices A, B, C, draw 




A'ff II ioBC, 




A'C II to 4 C, 




B'C Wio AB. 




In the A 4 5 j1' and ABC,Mre have 




AB = AB, 


Iden. 


ZABA' = ZBAC, 

(being alternate interior d ), 


§68 


ZBAA'=-ZABG. 


§68 


.-.A ABA' = A ABC, 


§ 107 



{having a side wnd two adj, A of the one equal respectively to a side and 
two adj, A of the other), 

.\A'B=-AO, 

{being homologotis sides ofegtuU A ). 
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IniheACBC' a,nd ABCy 

BC = BG, Iden. 

ZCBC'^ABCA, § 68 

{being alUmate interior A ). 

ZBCC'=-ZCBA. §68 

.'.ACBG'^AABC, §107 

{having a side and two adj. A of the one equcU respectively to a side and two 
adj, A of the other). 

.\BC'=^AC, 
{being homologotis sides of equal ^ ). 

But we have already shown A' B^" AC, 

.'.A'B = BC\ Ax. 1. 

.*. B is the middle point of A' C, • 

Since ^ P is -L to il(7, Hyp. 

it is ± to A' C, § 67 

(a straight line which is 1. to one of two Wsis Xtothe other also). 

But B is the middle point of A' C ; 

.\ BP va A. to A' C at its middle point. 

In like manner we may prove that 

^ ^ is -L to il' 5' at its middle point, 

and (7^X to B' C at its middle point. 

r. B P, Aff, and C K ore J§. erected at the middle points 
of the sides of the A A' B' C". 

.*. these Js meet in a point. § 120 

{(he three J& erected at the middle poiiUs of the sides of a A nieet in a point). 

Q. E. D. 



58 



GEOMETRY. — BOOK I. 



On Quadrilaterals. 

122. Dep. a Quadrilateral is a plane .figure bounded by 
four straight lines. 

123. Dep. A Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Dep. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Dep. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 



n 


/! 




/ , \ 


/ 1^' 






TRAPEZOID. 





PARALLELOGRAM. 



126. Dep. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Dep. A Square is a parallelogram which has its 
angles right angles, and its sides equal. 

128. Dep. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Dep. A Rhomboid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



RCOTANQLE. 
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130. Def. The side upon which a parallelogram stands, 
and the opposite side, are called its lower and upper bases; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 



Proposition XXXVIII. Theorem. 

133. The diagonal of a parallelogram divides the figure 
into two equal triangles, 

C 





A E 

Let ABC E be a parallelogmm, and A C its diagonal. 
We are to prove AABC = AAEC. 
lathe A ABC And A EG 

AC = AC, Iden. 

ZACB=-ZCAE, §68 

(fmng cUt.'irvt. ^). 

AC AB^ A ACE, §68 

.\t^ABC^£^AEC, §107 

Qumng a side aivd two adj, A of the one equal respectively to a side and two 

adj, Ac^the other). 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite sides are equal, 
and the opposite angles are equal. 




A E 

Let the Hgure ABC E he a parallelogram. 

We are to prove BC = AE, and AB = EG, 

also, AB^ Z.E, and Z BAE = /. BC E, 

Draw A C, 

t^ABO^t^AEG, § 133 

ifkt diagonal of a CD divides the figure into two equal ^ ). 

.\BC=-AE, 

and AB = CE, 

(being homologous sides of equal ^ ). 

Z.B = Z.E, 

(being homologous A of equal ^ ). 

ZBAC=^ZACE, 

and ZEAC=-ZACB, 

(jking homologous A of equal A). 

Add these last two equalities, and we have 

ZBAC + ZEAC='ZACE-hZACB; 

or, ZBAE=^ZBCE. 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

136. If a quadrilateral have two sides equal and par- 
allely then the other two sides are equal and parallel, and the 
figure is a parallelogram, • . 

' B C 




Let the figure ABO E he a quadrilateral, having the 
side A E equal and parallel to B C, 

We are to prove A B equal and li to E 0. 

Draw A C, 

In the A ^ J5(7 and ^ ^(7 

BC = AE, Hyp. 

AC = AC, Idcn. 

/.BCA=Z.CAE, §63 

(J>€mg(iUM7U, A), 

.\AABC^AACE, § 1C6 

{lunfing two aides and the indvdedZ of the one equal respectively to two sides 
and the included Z of the other), 

.\AB-=EC, 

{being homologous sides of equal A ). 

Also, ZBAC = ZACE, 

(being homologous A of equal A ) ; 

.-..l^is II to EC, §69 

(when two straight lines are cut by a third straight line, if the alt-int, A be 
equal the lines are parallel), 

.'. the figure A B C E m a. CJ, § 125 

(the opposite sides being parallel), 

Q. E. D. 
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Proposition XLI. Theorem. 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 




Let the Hgnre A B C E he a, quadiilatersd having 
BC=-AE and AB = EC, 

We are to prove figure ABC E a O. 

Draw A C. 

InthQ &^ A BC Q.TidL A EC 

BC^AE, Hyp. 

AB = CE, Hyp. 

AC = AC, Iden. 

.\AABC = AAEC, §108 

{having three sides of the one equal respectively to three sides of the other). 

.\ZACB = Z CAE, 

and ZBAC = ZACE, 

{being homologous A of equal ii ). 

.\BCis II toAE, 

and ^^is II to EC, §69^ 

{wJien two straight lines lying in the same plane are cut by a third straight 
line, if the alt,'int, A be equal, the lines are parallel), 

.'. the figure ABCE\a9.CJ, § 125 

{having its opposite sides parallel). 

Q. E. D. 
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Proposition XLII. Theorem. 
138. The diagonah of a parallelogram liisect each other. 




Let the figure ABC E be a pazallelogram, and let 
the diagonals AC and BE cut each other at 0. 

We are to prcrve AO=^OC, and B O = E. 

Inthe A AOE and BO C 



AE=BC, 


S 134 


(being oppogiU sides ofaCJ\ 




ZOAE = ZOCB, 


§68 


(being alt-int. A), 




/. OEA=Z. OBG; 


§68 


.'.AAOE = ABOC, 


§ 107 



(having a side aiid two adj. A of the one eqiial respectively to a side and two 
adj, A of the other). 

.'.AO^OC, 

and BO=^OE, 

{being homologous sides of egtud ^ ). 

Q. E. D. 
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Pboposition XLTII. Theorem. 

139. The diagonals of a rhombus bisect each other at 

right angles. 

A 




Let the figure A B C E be a rhombus, having: the 
diagonals A C and BE bisecting each other at 0. 

We are to prove A AO E and /. AG B rt. A. 

InihQ A A O E 2Liidi A B, 

AE=-AB, §128 

(being sides of a rhombus) ; 

OE=OB, §138 

{i?te diagonals of a CD bisect each other) ; 

AO=^AO, Iden. 

.\AAOE = AAOB, § 108 

(having three sides of the one equal respectively to three sides of the other) ; 

.\ZAOE^ZAOB, 

(being homologous A of equal A ) ; 

.-. /.AOEoxiilZAOB are rt. A. § 25 

( When 07ie straight line meets another straight line so as to make the adj. A 
equal, each Z is art. Z). 

Q. E. D. 
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Proposition XLIV. Theorem. 

140. Two parallelograms, liaving two aides and the in- 
eluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects. 

B y c B a 



^ I 

In the pamUelograms A B C D and A' B' O B\ le 
AB = A'B, AD = A'JD', and Z A = Z A\ 

We are to prove that the [U are equal. 

Apply O A BQD to EJ A' £' CD', so that ^ i> wiU fall 
on and coincide with A' D'. 

Then A B will fall on A' B', 
(Jor Z A = Z A', by hyp,), 

and the point B will fall on B\ 
{for AB = A' B*, by hyp.). 

I^ow, BC and B' C are both II to A* I)' and are drawn 

through point B'-, 

.'. the lines B and B^ (7' coincide, J 06 

. and C falls on B' C or B' C produced. 

In like manner D C and D' C are II to A' B' and are drawn 
through the point i)'. 

.'.DC and L' C coincide ; § 63 

.*. the point Q falls on D' C, or D' C produced ; 

.-. Cfalls on both B' C and D' C \ 

.'. C must fall on a point common to both, namely, C, 

.'. the two m coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Two rectangles having the same base and 
altitude are equal; for they may be applied to each other and 
will coincide. 
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Proposition XLV. Theorem. 

142. The straight line which connects the middle point's 
of the non-parallel sides of a trapezoid is parallel to the par^ 
allel sides, and is equal to half their sum, 

A F E 




C H 

Let SO be the straight line joining the middle points 
of the non-parallel sides of the trapezoid ABCE. 

We are to prove SO II to A E and BC; 
also SO = i{AE-^ BC). 

Througli the point draw FH I! to ^ ^, 

and produce B C to meet FOH at ff. 

Juthe A FOB a.nd CO II 



OE=OC, 


Cona. 


ZOEF = ZOCH, 


§68 


(being alt. -int. A), 




A FOE = Z COH, 


§49 


(beiiig vertical A ). 




'.AFOE = ACOH, 


§ 107 



(Jiavvng a side and two adj. A of the one equal respectively to a side and two 
adj, A of the other). 
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and OF^OHy 

(being homologous aides of equal ^ ). 

Now FH=-AB, §135 

( II lines comprehended betioeen II lines are equal) ; 

.\FO=^AS. Ax. 7. 

.-. the figure A FO S in sl OJ, § 136 

{hcmng two opposite sides equal and parallel). 

.'.SO is II to AF, §125 

(^171^ opposite sides of a CJ). 

SO is Silso II to^C, 
(a straight line II to one of two II lines is II to the other also). 



Now 


SO=-AF, 
(Jbeing opposite sides of a O), 


§125 


and 


SO = Bff. 


§125 


But 


AF = AF-FF, 




and 


Bn=-BC-\- CH. 





Substitute for A F and BE their equals, AE— FE and 
BC+CH, 

and add, observing that CH— FE; 

then 2S0 = AE-i!-BC. 

.\SO = i{AE+BC). 

Q. E. D. 
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On Polygons in General. 

143. Def. a Polygon is a plane figure bounded by straight 
lines. 

144. Def. The bounding lines are the ddea of the polygon, 
and their sum, osAB+BG-^GD, etc., is the Periineter of 
the polygon. 

The angles which the adjacent sides make with each other 
are the angles of the polygon. 

145. Def. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. . 




146. Def. An Equilateral polygon is one which has all its 
sides equal. 

147. Def. An Equiangular polygon is one which has all 
its angles equal. 

148. Def. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Def. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Def. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Def. The angle F D E \a called a Re-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 
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152. Def. Two polygons are Equal, when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the con*esponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Def. Two polygons are Mutually Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons A B C D E E, 
and A' B' C ly W F, in which AA^AA', Z B=^AB', 
ZC = /.C', etc. 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are caDed Homologous sides. 

155. Def. Two polygons are Mutiially Equilateral, if the 
sides of the one be equal to the sides of ^the other, each to each, 
when taken in the same order. 




\ 





Fig. 1. Fig. 2. Fig. 8. Fig. 4. 

Two polygons may bo mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. . ' ^/ 

And, except in the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are equal, for they may be applied the one to the other so 
as to coincide. 

156. Def. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon ; one of six sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of tpn sides is a Decagon ; one of twelve sides is a Dodecagon. 
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Proposition XLVL Theorem. 

157. The mm of the interior angles of a polygon in 
equal to two right angles, taken as many times less two as 
the figure has sides, 

D 




A B 

Let the HguTe ABCDEF be a polygon having n sides. 

We are to prove . 

ZA + ZB-hZC, etc., =^2H, A{n- 2). 
From the vertex A draw the diagonals AC, AD, and A E, 

The sum of the A of the A = the sum of the angles of the 
polygon. 

Now there are (/i — 2) A, 



and the sum of the A of each A = 2 rt. ^. 



§98 



.*. the sum of the A of the A, that is, the sum of the A of 
the polygon = 2 rt. ^ (71 — 2). 

Q. E. D. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to — i^^ 1 right angles. 
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Pboposition XLVII. Theorem. 

159. The tiitienor angles of a polygon^4k(jLde hy prMu- 
cing BCLch of its sides in succession^ are together equal to four 
right angles. 




Let the Hgure ABODE be a polygon, having its sides 
prodneed in succession. 

We are to prove the sum of the ext. A = 4 rt, A. 

Denote the int. A of the poison hj A,£,C,I),E; 

and the ext. A by a, b, c, d, e. 

ZA + Za^2Tt.A, . § 34 

{being sup. -adj. A ). 

Z^+Z6 = 2H. A §34 

In like manner each pair of adj. ^ = 2 rt. z4 ; 

.*. the sum of the interior and exterior ^ = 2 rt. ^ taken 
as many times as the figure has sides, 

or, 2 n rt. A, 

But the interior A = 2 rt. A taken as many times as the 
figure has sides less two, « 2 rt. ^ (n — 2), 

or, 2 n rt. A — 4: rt. A. 

i 

.'. the exterior A = 4: rt. A. 

r^. E. n. 
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Exercises. 

1. Show that the 8um of the interior angles of a hexagon is 
equal to eight right angles. ' '- 

2. Show that each angl^ of an equiangular pentagon is f of 
a right angle, 2. i jr^"^ ' ' ' . ^ • 

3. How many sides has an equiangular polygon, fouj of 
whose angles are together equal to seven right angles ?,^t^ 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles? •» 

5. How many sides has the polygon the sum of whose in- 
terior angles is double that of its exterior angles 1 v^ 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 *? 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. ^^ "";, 

8. B AC 18 dk triangle having the angle B double the angle 
A. If BD bisect the angle B, and meet AC in D, show th^t 



I 



BD is equal to A D, ^ ' / ' ,5 j/^. ' ^ I w 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. S ; 1 • 

10. ABC J) is a, parallelogram, ^£^ and F the middle points 
of AD and B C respectively ; show that B E and DF will 
trisect the diagonal -4 (7. j ■ .v 6^ 'V i '\ ' ^7t 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle, ■^"j 

12. If from the diagonal B D of a. square ABCD, BFhe 
cut off equal to BC, and EF he drawn perpendicular to B D, 
show that DE is equal to E F, and also to F C. 

13. Show that the three lines drawn frftm the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Dbf. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre. 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Radius of a circle is any straight line drawn 
from the centre to the circumference, ba A, Fig. 1. 

163. Def. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A B, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 

if M 




164. Def. An Arc of a circle is any portion of the circum- 
ference, as A MB, Fig. 3. 

165. Def. A Semi-circumference is an arc equal to one 
half the circumference, d^ AM B, Fig. 2. 

166. Def. A Chord of a circle is any straight line having 
its extremities in the circumference, as ^ ^, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A By (Fig. 3), subtends the arc 
A MB and the arc ABB, Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otherwise stated. 
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167. Dep. a Segment of a circle is a portion of a circle 
enclosed by an -arc and its chord, as A MB, Fig. 1. 

168. Dep. A Semicircle is a segment equal to one half the 
circle, as A D C, Fig. 1. 

169. Dep. A Sector of a circle ^is a portion of the circle 
enclosed by two. radii and the arc which they intercept, as ACB, 
Fig. 2. 

170. Dep. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Point of Contact, or Point of Tangency, 

171. Dep. Two Circumferences ^ax^ tangent to each other 
when they are tangent to a straight line at the same point. 

172. Dep. A Secant is a straight line which intersects the 
circumference in two points, as A D, Fig. 3. 




173. Dep. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as A B, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
ZABCYig. 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A ABC, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Dep. A polygon is Circumscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Dep. Equal circles are circles which have equal radiL 
For if one circle be applied to the other so that their centres 

•coincide their circumferences will coincide, since all the points 
of both are at the same distance from 'the centre. 

176. Every diameter bisects the circle 
and its drciimference. For if we fold over 
the segment A MB on AB q&ktl axis until 
it comes into the plane of AFB, the arc 
A MB will coincide with the arc A PB ; 
because every point in each is equally dis- 
tant from the centre 0, 




Proposition I. Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB be the diameter ot the circle 
A MB, and A E any other chord. 

We are to prove AB^-AE, 

From (7, the centre of the O, draw G E, 
CE=CB, 
(being radii of the same circle). 

Eut AC+ CE>AE, §96 

(the sum of two sides of a A> the third side). 

Substitute for C E, in the above inequality, its equal CB. 
Then AC+CB>AE,oT 

AB> AE. 

Q. E. D. 
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Proposition IL Theorem. 

178. A straight line cannot intersect the circumference 
of a circle in more than two points. 

M 




Let HK be any line cutting the circnmference A MP, 

We are to prove that HK can intersect the circumference 
in only tioo points. 

If it be possible, let II K intersect the circumference in three 
points, jy, F, and K. 

From 0, the centre of the O, draw the radii Off, OP, 
and OK. 

Then Off, OP, and JT are equal, § 163 

{being radii of the same circle), 

.•.if ffK could intersect the circumference in three points, 
we should hav^ three equal straight lines Off, OP, and K 
drawn from the same point to a given straight line, which is 
impossible, § 56* 

(only two equal straight lines can he drawn from a point to a straight line). 

.•.a straight line can intersect the circumference in only- 
two points. 

Q. E. D. 
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Proposition III. Theorem. 

179. In the same circle, or equal circles, equal angles 
at the centre intercept equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F' let ZO=^ZO'. 

We are to prove arc RS= arc R' S', 

Apply O ABP to O A'B'P, 

80 that Z shall coincide with Z O'. 

The point R will fall upon R', § 176 

(for 0R= OiRf^ being radii of equal ©), 

and the point S will fall upon S', § 176 

(for OS=OfS^, being radii of equal ©). 

Then the arc R S must coincide with the arc R'S', 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle^ or equal circles, 
equal arcs subtend equal angles at the centre. 





In the equal circles ABP and A' B P' let arc RS 

= arc R'S', 

Wearetoprove A ROS = Z R' 0' S', 

Apply O ^ ^P to O A'B'P', 

80 that the radius R shall fall upon 0* R'. 

Then S, the extremity of arc RS, 

will fall upon S\ the extremity of arc R' S\ 
{for £S=Jt' S\ by hyp.). 

. .'.OS will coincide with 0' S', § 18 

{their extremities being the same points). 

.\Z. RO S will coincide with, and be equal to, Z R' 0' S'. 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle, or equal circles, equal area are 
subtended by equal chords. 





In the equal circles ABT" and A' B' F* let arc RS 
= arc R'S'. 

We are to prove chord R S = chord i?' S\ 

Draw the radii R, S, 0' R', and 0' JS'. 

In the A ROSsmd W 0' S' 



OR=0'R', 

(being radii of equal ©), 

OS=0'S', 
(equal arcs in equal ® subtend equal A at the centre). 



§176 

§176 
§ 180 

5 106 



.'.A ROS = AR'0'S\ 

(tivp sides and the included 4- of (he one being equal respectively to tv30 sides 

aVid the included Z of the other). 

/. chord RS^ chord R' S\ 
{being honjuilogous, sides qf equal ^ ). 

Q. E. D. 
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Proposition VI. Theorem. 

182. Conversely : In the same circle, or equal circles, 
equal chords subtend equal arcs. * 





In the equal circles ABP and A* B' P', let chord ES 
= chord E'S*. 



We are to prove arc ES = arc E' S*, 

Draw the radii E, S, 0' E', and 0' S'. 
IniheAEOJSQudB 0' S' 

ES = E'S', 



OE==0'E\ 

(being radii of equal ( 



Hyp. 
§ 176 

J 176 
5108 



(three sides of the one being eqital to three sides of the other), 

.-. Z = Z 0', 

(f>eing homologous A of equal A). 

.•.arcJ?^=arcJ?'^', § 179 

{in the same O, or equal ®, eqtml A at the centre intercept equal arcs on the 

circumference) . 

\ Q. E. D. 
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Proposition VII. Theorem. 

183. The radius perpendicular to a chord bisects the 
chord and the arc subtended by it. 




Let AB be the chord, and let the radius OS be per- 
pendicular to AB at the point M, 

We are to prove AM= BMy and arc AS=^ arc B S. 

Draw CA and OB. 

CA = CB, 

(beiTig radii of the sanie O) ; 

.\A ACB ia isosceles, § 84 

(the opposite sides being equal) ; 

.-. _L (7 aS^ bisects the base A B and the Z (7, § 113 
{the JL drawn from the vertex to the base of an isosceles A bisects the base and 
the A at the vertex), 

,\AM=BM. 

Also, since ZACS = ZBGS, 

a,TC A S=SLTc SB, § 179 

(eqtial A at the centre intercept equal arcs on the circumference). 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIIL Theorem. 

185. I/i the same circle , or equal circles, equal chords 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 



In the circle AB EC let the chord A B equal the chord 
G F, and the chord CE be less than the chord C F. 
Let Py OHy and OK be Js drawn to these chords 
from the centre 0, 

We are to prove OP^OU, and H < OK. 

Join OA and 0. 
In the vi.AAOPBXidiCOH 

OA =^0C, 

(being radii of the same 0) ; 

AP = C£ly §183 

(being halves of equal chords) ; 

.\aaof = acojs^, §109 

.\of=ob:. 

Again, since CU< CF, 

i\iQZCOE<COF, §116 

and the arc CE< the arc CF. 

.'.-L -fir will intersect CF in some point, as m. 

Now OK>Om, Ax. 8 

But Om>OH, §52 

(a JL w the shortest distance from a point to a straight line). 

.'.much more iuOK> OH. 
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Pboposition IX. Theorem. 

186.*^ strai^kl line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let BA be the radius, and MO the straight line 
perpendicular to BA at A. 

We are to prove M tangent to the circle. 

From B draw any other line to MO, as B Off. 

BH>BA, §52 

(a X measicres the shortest distance from a point to a straight line). 

.*. point ff is without the circumference. 

But Bffia any other line than B A, 

.*. everg point of the line MO 13 without the circumference, 
except A. 

.*. MO is a tangent to the circle at A. § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. When two circumferences intersect each other, the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let C and (7 be the centres of two circumferences 
which intersect at A and B. Let AB be their 
common chord, and Gfi' Join their centres. 

We are to prove CO* A. to A B at its middle point 

A _L drawn through the middle of the chord A B passes 
through the centres and C", § 184 

(a X erected at the middle of a chord passes through the centre of the O). 

.'.the line C, having two points in common with this ±, 
must coincide with it. 

.-. (7 C" is ± to -4 ^ at its middle point. 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circumferences are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two circumferences, whose centres are C and 
C, touch each other at 0, in the straight line A B, 
and let GC he the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C. 

A -L to il B, drawn through the point 0, passes through the 
centres C/andC', §187 

{a Xto a tangent at the point of amtaet passes through the cejitre of the O). 

.*. the line C (7, having two points in common with this X, 
must coincide with it. 



/. is in the straight line C C. 



Q. E. D. 



Ex. AB, 9, chord of a circle, is the base of an isosceles 
triapgle whose vertex C is without the circle, and whose equal 
aides meet the circle in D and E. Show that G D \s equal 
to GE. 
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On Measurement. 

190. Dep. To measure a quantity of any kind is to find 
how ma7ii/ times it contains another known quantity of the sams 
kind. Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear 'unit, 

191. Dep. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ', as 5 yards, etc. 

192. Dep. Two quantities are commensurable if there be 
some third quantity of the same kind which is* contained an 
exact number of times in each. This third quantity is called 
the common measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Dep. Two quantities are incommensurable if they 
have no common measure. 

194. Dep. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind, No 
.quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their num^eryyqZ measures,y/^ 

195. The ratio of a to 5 is written --, or a : 6, and by this 
is meant : ^ ,^ 

How many times b is contained in a; a 

or, what part a is of 6. ' b 

T. If b be contained an exact number of times in a their 
ratio is a whole number. 

If b be not contained an ekact number of times in a, biit 

if there be a common measure which is contained m times in a 

^~ . . . . , m, i^ M '7 ^"^ 

and'^ times in 6, their ratio is ihQ fraction — .* ^ -^ . ^ jA.'-' 

^ 5 ' 
II. If a and b be incommensurable, their ratio cannot be 

exactly expressed in figures. But if '6" be divided into \ equ^ 

parts, and one of thoso parts b;3 cuntaiiie.l m tpnes in rf Vith 

1 '' ^ m^ ^ " 

a remainder less than - part of b, then — is an ar>proximate 
n n 

value of the ratio - , correct within - . 
6 n 
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Again, if each of these equal parts of 6 be divided into n 

equal parts; that is, if b be divided into n^' equal parts, and if 

T'^.. one of these parts be contained mf times in a with a remainder 

. ' 1 vn' 

i; 4ess than*— r part of 6, then — ^ is a nearer approximate value 

' • "^ * ' a , . 1 

of the ratio - , correct within -5- . 
b rr 

By continuing this process, a series of variable values, 
— > ~T > "« > ^^^") ^"^ ^® obtained, which will differ less and 

less from ihe exact value of - . We may thus find a fraction 

o 

which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio is the limit toward which 
its successive approximate values are constantly tending. 

On the Theory of Limits. 

196. Def. When a quantity is regarded as having 2^. fixed 
value, it is called a Constant ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of diffei'ent values, it is called a Variable, 

197. Def. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Limit of the variable, and the variable is said to 
approach indefinitely to its limit. 

If *the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point d ^ it it' b 

to move from A toward B^ under the conditions that the first sec- 
ond it shall move one-half the distance from A to By that is, 
to M ; the next second, one-half the remaining distance, that is, 
to M^ ; the next second, one-half the remaining distance, that 
is, to J/", and so on indefinitely. 

Then it is evident that the moving point mar/ approach as 
near to B as we please, but tviU never arrive at B, For, however 
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near it may be to B at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B, since half the interval still remaining is 
some distance, but will not reach B, since half the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant 
^ -S as its limit ; and the distance from the moving point to B 
is a decreasing variable, which indefinitely approaches the con- 
stant zero as its limit. 

If the length of ^ -B be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
limit, by v : 

after one second, a: = 1, v = 1 ; 

after two seconds, a; = l + J, i^ = J; 

after three seconds, a:=l + J-ft, v = \\ 

after four seconds, x = \ + i + \ + \, t; = i; 
and so on indefinitely. 
Now the sum of the series 1 + J + J + i etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the vari- 
able difference between this variable sum and 2. 
liin. will be used as an abbreviation for limit. 
199. [1] Th^ difference between a variable and its limit is 
a variable whose limit is zero. 



[2] If two or more variables, v, v\ v^\ etc., have zero for a 
limit, their sum, v -f v' + v", etc., will have zero for a limit. 

[3] If the limit of a variable,- v, be zero, the limit of ad=v 
xvill be the constant a, and the limit of aX v will be zero. 

[4] The product of a constant and a variable is also a va- 
riable, and the limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The sum or product of two variables, both of which are 
either increasing or decreasing, is also a variable. 
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Proposition I. 
[6] If two variables be always equal, their limits are equal. 

Let the two variables A M and 
A N be always equal, and let A C 
and AB be their respective limits. 

We are to prove A C = A B, 

Suppose AO AB, Then we may 
diminish AC io some value A C such 
that^(7'=il^. 

Since A M approaches indefinitely to 
A C, we may suppose that it has reached 
a value A P greater than A C. 

Let AQhQ the corresponding value of A N. 

Then AP==AQ. 

Now AC' = AB. 

But both of these equations cannot be true, for -4 P > ^ C, 
and A Q<AB. ,\AC cannot be greater than A B, 

Again, suppose AC<AB. Then we may diminish AB to 
some value A B' such that AC^= AB', 

Since A N approaches indefinitely io AB we may suppose 
that it has reached a value AQ greater than A B', 

Let -4 P be the corresponding value of A M, 

Then • AP-^AQ. 

Now AG=^AB', 

But both of these equations cannot be true, for A P <. A C, 
and A Q^AB'. .'.AC cannot be less than A B, 

Since A C cannot be greater or less than A B, it must be 
equal to -4 ^. «• E- D- 

[7] Corollary L If two variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - = r, or, x^=^r y, therefore 

ItTfit ( Xi 

lim. (x) = lim, (r y)^^rX lim. (v), therefore' ,. — ^ r. 

^ lim. (y) 

[8] CoR. 2. Since an incommensurable ratio is the limit of 

a 
its successive approximate values, two incommensurable ratios - 

a' ^ 

and -r-r are eqvM if they always have the same approximate values 

Or 

when expressed within the same measure of precision. 
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Proposition II. 



[9] The limit of the algebraic sum of tv}0 or more variables 
w the cdgebraic sum of their limits. 

Let X, y^ 2, he variables, a, 6, and c, ® -^ 

their respective limits, and v, v', and «/', 

the variable differences between x, y, z, b h-^ 

and a, b, c, respectively. 

We are to prove lim. (a? + y + 2) = a+ 6-f c. c k-^ 

Now, x = a — V, y = b — v'f z = c — t/'. 
Then, a? + y + 2 = a — t;-f6 — i/4-c — v". 

.'. lim,{x-\- y+ z)=lim,{a—v-\- b—T/ + ^—v^'), [6] 

But, Um.{a — v-\-b — v'-\-c — v") = a+b + c. [3] 

.'. lim, (x-\- y-\- z) = a+ b-\- c, 

Q. E. D. 

Proposition III. 

[10] The limit of the prodzict of two or more variables is the 
product of their limits. 

Let X, y, z, be variables, a, b, c, their respective 
limits, and v, t/, t/^, the variable differences between 
Xy y, z, and a, b, c, respectively. 

We are to prove lim, (xy z) = abc. 
Now, x = a — v, y = b — i/, z = c — v". 
Multiply these equations together. 

Then, xyz = abc^ terms which contain one or more of 
the factors v, i/, i/', and hence have zero for a limit. [3] 

.'. lim, {xyz)== lim, (a 6 c qp terms whose limits are zero). [6] 
But lim. {ab c^ terms whose limits are zero) ^=abc, 

,', lim. (xy z) =^ a be, 

• Q. E.D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refers 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it wiU be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XII. Theorem. 

200. In the same circle, or equal circles^ two eommen- 
surable arcs have the same ratio as the angles which they 
subtend at the centre. 




V}' 

V 



V' 

O 



P 

In the Girdle APC let the two arcs be AB and A C, 
and AO B and AOC the A which they subtend. 

. ijr ^ arc^^ Z AOB 
We are to prove = , • 

^ arc ^ C ZAOG 

Let UK he a common measure of AB and A C. 
Suppose ZT A" to be contained in A B three times, 
and m AC five times. 

arc ^ ^ 3 



Then 



arc ^ (7 5 

At the several points of division on A B and A G draw radii. 

These radii will divide Z AOC into &ye equal parts, of 

which Z AOB will contain three, § 180 

(in ihfi aetmd 0, or equal (D, eqiuil arcs subtend equal A at the centre). 

ZAOB 3 



Bi^ 



• ZAOC 5 




QTcAB 3 




arc AC 5 ' 




arc AB ZAOB 
arc ^ (7 Z AGO' 


Ax. 1, 

Q. E. D. 
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Proposition XIII. Theorem, 

201. In the same circle , or in equal circles , incom- 
mensurable arcs have the same ratio as the angles which 
they svhtend at the centre. ^ 

pi p 





In the two equal ® ABP and A'B'P' let AB and A' B 
be two incommensurable arcs, and C, C* the A which 
they subtend at the centre. 

We are to prove = -i— _ . 

arc il ^ ZC 

Let ABhQ divided into any number of equal parts, and 
let one of these parts be applied to -4' -B' as often as it will be 
contained in A'B*, 

Since AB and A' B' are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as D, 
leaving a remainder D B' less than one of these parts. 
DrawC'i). 
Since A B and A'D are commensurable, ^ 

arc ii ^ Z.ACB' ^ 

(two commensurable arcs have the same ratio as the A which they sicbtend at 

the centre). 

Now suppose the number of parts into which A B is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to B*, that is, the arc A^ B will approach the arc A' B' as 
its limit, and the A A* C B the Z A' C B' as its limit. 
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Then the limit of Ei^ will be HL££, 
arc ^ ^ arc ^ i^ 

and the Umit of ^/' ^' ^- wiU be ^f^'^. 
ZACB ZACB 

Moreover, the corresponding values of the two variables, 
namely, 

ATcA'D ^^^ ZA'O'D ^ 
arcAB ZACB* 

are equal, however near these variables approach their limits. 

/. their limits ?!lil^ and ^/'^'^ are equal § 199 
arc A B ZACB ^ ^ 

Q. E. D. 

202. Scholium. An angle at the centre is said to he meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (**). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90**; and a right angle, subtended by a quadrant, con- 
tains 90^ 

Hence an angle of 30** is J of a right angle, an angle of 45** 
is J of a right angle, an angle of 135° is J of a right angle. 

Thus we get a definite idea of an angle if we know the « 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol (")• 
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Proposition XIV. Theorem. 

203. An inscribed angle is measured by one-half of the 
arc intercepted between its sides. 

B B B 




Case L 

yin the circle PAB (Fig. 1), let the centre C be in one 
of the sides of the inscribed angle B, 

We are to prove Z. B is measured by J arc P A. 

• Draw CA, 

CA = CB, 

{being radii of the same O). 

.\ZS = ZA, §112 

(being apposite equal sides), 

ZPCA=-ZB'\-ZA. §105 

(the exterior Zofa Ais equal to the sum of the two opposite interior A)» 

Substitute in the aboye equality Z B for its equal Z A, 

Then we have ZPCA=^2ZB. 

But 2^ P (7-4 is measured hj APy § 202 

(the A at tlie c&nire is measured by the intercepted arc), 

,', 2 Z B is measured by A P. 

,', Z B is measured hy^AP. 
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Case IL 

In the circle BAE (Fig. 2), let the centre C tall 
within the angle EBA. 

We are to prove Z EBA is measured by J arc EA, 

Draw the diameter BCP. 

Z PBA is measured by J arc PA^ (Case L) 

Z PBE is measured by J arc P E, (Case I.) 

.". Z PBA H- Z PBE is measured by J (arc PA + arc PE). 

.'.Z EBA ia measured by J arc E A. 

Case III. 

In the circle BFP {Fig. 3), let the centre C fall with- 
out the angle A BF. 

We are to prove Z A B F is nuasured by J arc A F. 

Draw the diameter BCP. 

Z PBFia measured by | arc P F, (Case I.) 

Z PBA 13 measured by J arc PA, (Case I.) 

.-. Z PBF—Z PBA is measured by | (arc Pi^— arc PA). 

,'. Z AB Fis measured by i arc 4 F. 

Q. E. D. 

204. CoBOLLABT 1. All angle inscribed in a semicircle is 
a right angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90°. 

205. Cob. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e, by an arc less than 90°. - 

206. Cob. 3. -An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90°. 

207. Cob. 41 All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two chord%y and wJioae vertex 
lies between the 'centre and the circumference, is measured by 
one-half the intercepted arc plus one-half the arc intercepted 
by its sides produce 




Let the ZAOC be foxmed by the chords A B and CD. 
We are to prove 

Z. A OC is measured hy J arc AC -V \ arc B 2>. 
Draw A Z>. 

/.COA-=/.D^/.A, §105 

(the exterior Zofat^is equal to the sum of the two opposite interior A ). 

But Z D is measured by J arc AC, § 203 

{an inscribed Z is measured hy \ the intercepted are) ; 

and Z A 13 measured by J arc ^ 2>, § 203 

.\Z C OAis measured hy ^ sltc AC + ^ arc BD. 

Q. E. D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawn 
through the point. 

/ 
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Proposition XVL Theorem. 

209. An angle formed by a tangent and a chord w 
meamred by one^half the intercepted arc. 




Let HAM be the angle formed by the tangent OM 
and chord A H. 

We are to prove 

A HA M is measured by \ arc A EH 

Draw the diameter AG F. 

ZFAMi8&Tt.Z, §186 

{the radius dravm to a tangent at the point ofcoTUact is X to it). 

A F AM, being a rt. Z, is measured by \ the semi-circum- 
ference AEF, 

AFAH\a measured by \ arc FH, § 203 

(an inscribed Z is measured by i the intercepted arc) ; 

.\Z.FAM— Z FAH\a measured by \ (arc AEF— arc HF). 
.'. Z HA M is measured by \ arc A EH. 

Q. E. D. 
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Proposition XYII. Theorem. 

210. An angle formed hy two secants, two tangents, or 
a tangent and a secant, and which has its vertex without tJie 
circumfarence, is measured by one-half the concave arc, minus 
one-half fhe convex arc. 
Q 




M 

Fig. 1. Fig. 2. Fig. 3. 

Case I. 
Let the angle {Fig, 1) he fomted by the two secsLuts 
6 A and OB. 

We are to prove 

Z. is measured hy ^ aic AB — ^ arc -^ C 
Draw CB. 

ZACB = ZO + ZB, § 105 

(tha exterior Z of a A is eqtial to the sum of the two opposite interior A ). 

By transposing, 

ZO = ZACB-ZB, 

But Z ACBis measured by | arc A B, § 203 

(an inscribed Z is measured by i the intercepted arc). 

and Z B is measured by | arc C ^, § 203 

.". Z is measured hj ^ b.tc AB — J arc CB. 
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Case II. 

Let the Angle {Fig. 2) be fozmed by the two tan- 
gents OA And OB. 

We are to prove 

Z. is mecuured by ^ axe A MB — J arc il SB. 
Draw A B. 

ZABG = ZO + ZOAB, §105 

{the exterior Z of a A is equal to the sum of the two opposite interior A ). 

By tiansposingy 

Z O^ZABG-'Z OAB. 

But Z J J? C is measured by J arc ^ if ^, §209 

(an Z, formed by a tangent and a chord is measured by i the intercqfted arc), 

and Z OAB is measured by J arc ii ^ A §. 209 

.'. Z is measured by J arc il MB — J arc ^ SB. 

Case III. 

Let the angle {Fig. 3) be fozmed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured ftyJarciZ)*^ — Jarc CE S. 

Draw OS. 

ZA0S = Z0 + ZCS0, . §105 

{the exterior Zof a Ciis equal to the sum of the two opposite interior A). 

By transposing, 

Z O^ZAGS-ZCSO. 

But Z iCA^ is measured by J arc ^2>^, §203 

{being an inscribed Z). 

and Z CSOia measured by ^ arc C U S, § 209 

{bein^ an Z formed by a tangent and a chord), 

-•. Z ia measured hy ^ sltc A D S — ^ sue G B S. 

Q. E. D. 
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Supplementary Propositions. 

Proposition XVill. Theorem. 

211. Two parallel lines intercept upon 
ference equal arc9. 

A 



circuni' 




Let the two parallel lines CA and B F {Fig, 1), inter- 
cept the arcs CB and A F, 



We are to prove 
Draw A B, 



arc C B = arc A F, 



§68 



ZA=ZB, 

(being cUL-int. A ). 

But the arc CB is double the measure of A A, 
and the sue A F is double the measure of Z B, 

.-. 8iTcCB = siTcA F. Ax. 6- 

Q. E. D. 

212. Scholium. Since two parallel lines intercept on tho 
circumference equal arcs, the two parallel tangents Jf iV and 
P (Fig. 2) divide the circumference in two semi-circuraferences 
AC B and AQ B, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX. Theorem. 

213. If the sum of two arcs be less tlian a circum- 
ference the greater arc is subtended by the greater chord ; 
and conversely y the greater chord subtends the greater arc, 

B 




P 

In the circle A CP let the two arcs A B and BG to- 
gether he less than the circumference, and let 
AB be the greater. 

We are to prove chord A B '> chord B C. 

Draw A C, 

In the A ^ j5 (7 

Z (7, measured by \ the greater arc -4J5, § 203 

is greater than Z A\ measured by \ the less arc B C. 

• .-. the side ^ J? > the side BC, § 117 

(m a A <^ grecUer Z has the greater side opposiU to ii). 

Conversely : If the chord A B he greater than the 

chordae. 

We are to prove arc AB> arc B G\ 

In the A ^ 5 (7, 

AB>BGy Hyp. 

.\/.G>A, §118 

(m at. the greater side has the greater /. opposite to if). 

.\ arc A By double the measure of the greater Z (7, is greater 
than the arc B G, double the measure of the less Z .4. ^ ^ ^ 
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Proposition XX. Theorem. 

214. If the sum of two arcs be greater than a circum- 
ference^ the greater arc is subtended bgrihe less chord; and, 
conversely, the less chord subtends the ^fiater arc. 




In the circle BCE let the arcs AECb^^and BAEG^. 
together be greater than the circubtference, and ! 
let arc AEC B be greater than arc B AEC. 

We are to prove chord AB < chord B C 

From the given arcs take the common sjk AE C ; 

we have left two arcs, CB and A B, less than a circumference, 

of \vhich CB ia the greater. 

.-. chord CB> chord A B, § 213 

{when the sum of two arcs is less than a circumference, the greater arc is 
subtended by the greater chord). 

.'. the chord A B, which subtends the greater arc A E C By 
is less than the chord B C, which subtends the less arc BAE C. 

Conversely : If the chord ^ ^ be less than chord B C, 

We are to prove * arc A EC B > arc B A EC. 

Arc AB-ha.TcAECB = the circumference. 

Arc B C -^ SLTC BA E C = the circumference. 

.'. 3LVC A B + arc A E C B = sivc B C -\- arc BAEC. 

But arc ^ J5 < arc J5 (7, §213 

{being svMended by the less chord), 

.'. &TC A E C B > 9,Tc B A E C. 

Q. E. D. 
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On Constructions. 

Proposition XXL Problem. 

215. To find a point in a plane ^ having given its dis^ 
lances from two known points. 

n \ / 



l\ 



Let A and B he the two known points; n the dis- 
tance of the required point from A^ o its distance 
from B, 

It is required to find a point at the given distances from A 
arid B. 

From A aas. centre, with a radius equal to n, describe an arc. 

From jB as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at (7. 

C is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. /O' ^'^'' 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal n -\- o. 

From -4 as a centre, with a \/ 

radius equal to n, describe an arc ; A* c\ 'B 

and from ^ as a centre, with A 

a radius equal to o, describe an ^ 

arc. ' 

These arcs will touch each "^ "^ 

other at G, and will not intersect. 

.*. (7 is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from A to B be greater than » + o. 

Then from -i as a centre, \ 

with a radius equal to n, de- A' 
scribe an arc; 

and from ^ as a centre, with a 
radius equal to o, describe an arc. 

These arcs will neither touch 
nor intersect each other ; 

hence they can have no point in common, 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point from the two given points. 

Let the distance from ^4 to -5 be less than n — o. 

From -4 as a centre, with a radius ^^ '""^v.^ 

equal to n, describe a circle ; / ^— ^ \ 

and fi^m ^ as a centre, with a / / \ \ 

radius equal to o, describe a circle. / / j ^ \ I 

The circle described from jff as a \ \ J i 

centre will fSall wholly within the circle \ \^ y / 

described from -4 as a centre; o "^^ / 

hence they can have no point in ^ ^- ^'^ 

common. 



1 

f 

/ 




/ 
/ 


\ 


n 
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Pboposition XXII. Pbobleil 



£20. To bisect a given straight line. 
C 



V 



I 



i 

E 
Let AB be the given straight line. 
It is required to bisect the line A B. 

From A and B as centres, with equal radii, describe arcs 
intersecting at G and E. 

Join CB. 
Then the line C E bisects A B. 
For, CandE, being two points at fequal distances from the 
extremities A and B, determine the position of a J- to the mid- 
dle point o£AB. § 60 

Q. E. F. 

Proposition XXIIL Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. r 



/■\ 



H ^ 

Let be the given point in the straight line A B. 
It is required to erect a ± to the line A B at the point 0, 

TakeOH=OB, 
From B and If as centres, with equal radii, describe two 
arcs intersecting at B. 

Then the line joining i? is the ± required. 
For, and B are two points at equal distances from B and ZT, and 
.•. determine the position of a J_ to the line HB at its 
middle point 0, § 60 

Q. E. F, 
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Proposition XXIV. Problem. 

222. From a point without a straight line, to lei fall a 
perpendicular upon that line. 

C 



yi 



V 



^ 



.z. 



-"K 



Let AB he a given straight line, and G a given point 
without the line. 

It is required to let fall aJLto the line A B from the point C. 

Prom C as a centre, with a radius sufficiently great, 

describe an arc cutting A Boi the points H and K, . 

Prom IF and K as centreS) with equal radii, 

describe two arcs intersecting at 0. 

Draw C 0, 

and produce it to meet AB ^im. 

C mi» the _L required. 

Por, C and 0, being two points at equal distances from H 
and K, determine the position of a _L to the line H K dX its 
middle point. § 60 

Q. E. F. 
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Proposition XXV. Problem. 

223. To construct an arc equal to a given arc whose 
centre is a given point. 





Let C be the centre of the given arc A B, 

It is required to construct an arc equal to arc A B. 

Draw CB, CA, and A B. 

From C as a centre, with a radius equal to CB, 

describe an indefinite arc B^ F, 

From B* Q&s, centre, with a radius equal to chord A By 

describe an arc intersecting the indefinite arc at il'. 

Then arc A' B' = arc ii if. 

draw chord A' B', 



For, 



and 



The (D are equal, 
{beiti^ described vnth equcU radii), 

chord A^ B' = chord A B ; 

.*. arc ^' -5' = arc ^ jB, 
{in eqwil © equal chords s^ibtend equal arcs). 



Cons. 
5 182 



Q. E. F. 
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Proposition XXVL Problem. 

224. At a given point in a given straight line to con^ 
struct an angle equal to a given angle. 

F 





B 

Let C* be the given point in the -given line C B, and 
C the given angle. 

It is required to constrv^A an A at C equal to the Z C. 

From (7 as a centre, with any radius as C B, 

describe the aic AB, terminating in the sides of the Z. 

Draw chord A B. 

From C as a centre, with a radius equal to GB, 

describe the indefinite arc B* F. 

From B' as a centre, with a radius equal to A By 

describe an arc intersecting the indefinite arc at A'. 

Draw A' C. 
Then Z.C'-=Z.C. 
For, ]omA'B'. 

The (D to which belong arcs A B and A^ B* sxe equal, 
{beiiuf described wUh equal radii), 

and chord A' B' = chord A B ; Con& 

.-. arc A' B' = arc AB, § 182 

(m equal (D equal chords subterid eqtbol arcs), 

.\ZG'==ZC, §180 

(in equal (§) equal arcs svhtend equal AcUtke centre), 

Q. 



a. E. F. X 



'1 
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Proposition XXVIL Problem. 
225. To bisect a given arc. 




^X 



Xo 



Let A OB be the given arc. 

It w required to bisect the arc A OB. 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at B and 0. 

Drawee. 

BC bisects the arc ii OB. 

For, B and (7, being two points at equal distances from 
A and B, determine the position of the J. erected at the middle 
of chord Jl 5; §60 

and a J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

Q. E. F. 
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Pboposition XXVIII. Problem. 
226. To bisect a given angle. 
A 




Let AEB he the given angle. 

It is required to bisect Z. AEB, 

From ^ as a centre, with any radius, as EAy 

describe the btc AOB, terminating in the sides of the Z. 

Draw the chord A B, 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C. 

Join-^C. 

E C bisects the Z E. 

For, E and C, being two points at equal distances from A and 
By determine the position of the J. erected at the middle of 
A B. § 60 

And the X erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.'. arc AO = 2iV(iOB, 

.\ZAEC=^ZBEO, §180 

{in the same circle equal arcs subtend equal d at the centre). 

Q. E. F. 
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Pbopositiox XXTX. Problem. 

227. Through a given point to draw a straight line 
parallel to a given straight line. 



->H 



^A^ 



Let AB be the given line, and H the given point. 

It is required to draw through the point R a line 11 to tlu, 
line A B, 

Draw HAy making the /. HAB, 

At the point H construct Z A HE = Z HA B. 

Then the line HE is II to A B. 

For, Z EH A =Z HAB; Cons. 

/. HE is II to ii J?, § 69 

{when two straight lines, lying in the same plane, are cut by a third straight 
line, if the alt. -int, A be eqital, the lines are parallel). 

Q. E. F. 



Ex. 1. Find the locus of the centre of a circumference which 
passes through two given points. ^<; *' ^ 

2. Find the locus of the centre of the circumference of a 
X -gi¥«a- radius, tangent externally or internally to a given cir- 
cumference, i^'^ y ^ V -r ^/; '^ 

3. A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C. Find the locus of 
the middle point P of the intercepted chord BC. ^ ^ - 
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Proposition XXX. Problem. 

228. Two angles of a triangle being given to find the 

third. 

R 






Let A and B he two given angles of a triangle. 

It is required to find the third Z of the A. 

Take any straight line, as E F, and at any pcant, as ZT, 

construct Z. RH F equal to Z ^, 

and Z^^iT-^ equal to Z ^. 

Then Z jRiT/S' is the Z required. 

For, the sum of the three ^4 of a A = 2 rt. ^, § 98 

and the sum of the three A about the point JST, on the same 
8ideof.&i^=2rt. A § 34 

Two A of the A being equal to two A about the 
point jET, Cons. 

the third Z of the A must be equal to the third Z about 

the point H, 

a E. F. 
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Proposition XXXI. Problem. 

229. Tufo sides and the included angle of a triangle 
being given, to construct the triangle. 




— AU 



Let the two sides of the tziangle be E and F, and 
the included angle A. 

It is required to construct a A having two sides equcd to E 
and F respectively ^ and their included Z, = Z. A. 

Take HK equal to the side F. 

At the point H draw the line IT Jf, ; 

making the Z KHM = Z A. 

On HM take HC equal to E. 

Draw C K. 

Then A OHK is the A require4. 

aE. F. 
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Proposition XXXIL Pboblem. 

230. A aide and two adjacent angles of a triangle being 
given, to construct the triangle. 




Let CE be the given side, A and B the given angles. 

It is required to construct a A having a side equal to C E, 
and two A adjacent to that side equal to A A and B respectively. 

At point C construct an Z equal to Z. A. 

At point E construct an Z equal to Z B. 

Produce the sides until they meet at ft 

Then " A C ^ is the A required. 

> _ Ct E. F. 

231. Scholium. The problem is impossihle when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Proposition XXXTTT. Problem. 

232. The three sides of a triangle being given, to con* 
struct the triangle. 




B 

Let the three sides be m, n, and o. 

It is required to construct a A having three sides respectively^ 
equal to m, n, and o. 

Draw A B equal to «. 

From ii as a centre, with a radius equal to o, 

describe an arc ; 

and firom j? as a centre, with a radius equal to m^ 

describe an arc intersecting the former arc at G. 

Draw C^ and (7j5. 

Then A (7ii ^ is the A required. 

Q. E. F. 

233. Scholium. The problem is impossible when one side 
is eqtbal to or greater than the sum of the other two. 
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Proposition XXXIV. Problem. 

234. The hypotentise and one side of a right triangle 
being given, to construct the triangle. 




Let m be the given side, and o the hypotenuse. 

It is required to construct a rt, A having the hypotenuse 
equal o and one side equal m. 

Take A B equal to m. 

At A erect a -L, ^ X. 

From ^ as a centre, with a radius equal to o, 

describe an arc cutting -4 X at C. 

Draw C A 

Then A C A jff is the A required. 

a E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 




Let o equal the base, m the altitude, and C the angle 
at the base. 

It is required to construct a A having the base equal to o, 
^ altitvde equal to m, and an Z at the base equal to C7. 

Take A B equal to o. 

At the point A, draw the indefinite line A B, 

makingthe Z BAE = Z a 

At the point A, erect 2kJLAX equal to m. 

From JT draw X/S' II to ^ J?, 

and meeting the line AB &t S. 

Draw SB. 

Then A ^ >S'jff is the A required. 

Q. E. F. 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given ^ to construct the triangle. 

Case I. 

Wh&n, the given angle is actUe, and ths side opposite to it is less than 
the other given side, 

D 




A^ 



Let c be the longer and a the shorter given side, and 

A A the given angle. 

It is required to construct a A having two sides equal to a 
and c respectively, and the Z. opposite a equal to given /. A, 

Construct Z. D A E equal to the given Z A, 
On AD take ^ jff = c. 
From ^ as a centre, with a radius equal to a, 

describe an arc intersecting the side AEditC and C", 
Dr^v^C'and^i?/7". 

Then both the A ^ ^ C and A B G" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the A- BC, there 
will be but one construction, naiuely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 



^^ 
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Case II. 

When the given angle is acute, right, or obtuse, and the side opposite 
to it is greater than the other given side, 
D 




Kg. 1. 



Fig. 2. 



\ 



s 

When the given angle is obtuse. 
Construct the Z. D AE, (Fig. 1) equal to the given Z S, 

Take A B equal to a. 
From J? as a centre, with a radius equal to c, 
describe an arc cutting E A 9,i C, and EA produced at C. 
Join 5 (7 and ^(7'. 

Then the A ABCia the A required, and there .is only one 
construction ; for the A ABC will not contain the given Z S. 

When the given angle is acute, as angle BAC, * 

There is only one construction, namely, the ABAC (Fig. 1). 

When the given A is a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). a E. F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. § 117 
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Proposition XXXVIL Pboblem. 

237. Two aides and an included angle of a paralleto^ 
gram being given, to construct tie parallelogram. 
R 





Let m and o be the two sides, and C the included 
angle. 

It is required to construct a CJ having two adjacent sides 
equal to m and o respectively, and their included Z equal to A G. 
Draw A B equal to o. 
From A draw the indefinite line A B, 
making the Z A equal to Z C. 
OilAB take A H equal to m. 
From ZT as a centre, with a ladius equal to o, describe 
an arc. 

From -B as a centre, with a radius equal to m, 

describe an arc, intersecting the former arc at E. 
J)tq,w E S SLXid E B. 
The quadrilateral AB ERib the O required. 
For, AB = ffE, Cons. 

AH^BE, Cons. 

.-. the figure ^^j&^ is a O, § 136 

(a qtiadrilcUeral, which has its opposite sides eqttcU, is a CD). 

Q. E. F. 
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Proposition XXXVilL Problejm. 

238. To describe a circumference through three jooints 
not in the same straight line. 



\ 



i t i 






Let the three points be A, B, and C. 

It is required to describe a drcMmference tJirough the three 
points Af B, and C. 

Draw ABBudiB C. 

Bisect ^ j» and -B C, 

At the points of bisection, E and F, erect Js intersect- 
ing at 0, 

From (? as a centre, with a radius equal to A, describe a 
circle. 

O ABO is the O required. 

For, the point 0, being in the JL EO erected at the middle 
of the line AB, h sit equal distances from A and B ; 

and also, being in the 1. FO erected at the middle of the 
line 67^, is at equal distances from B and C, § 58 

{every paint in the ± erected at the middle of a straight line is at equal 
distances from the extremities of that line), 

.'. the point is at equal distances from A, B^ and C, 
and a O described from as a centre, with a radius equal 
to A, will pass through the points A, B, and G. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 
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Proposition XXXIX. Problem. 
240. Through a givm point to draw a tangent to a 

1 



given circle. 





Fig. 2. 



Case 1. — Wh^n the given point is on the circumference. 

Let ABC {Fig. 1) be a given circle, and G the given 
point on the circumference. 

It is required to draw a tangent to the circle at C. 

Prom the centre 0, draw the radius G, 

At the extremity of the radius, (7, draw (7 if J_ to OG, 

Then G M is the tangent required, § 186 

(a straight line ± to a radius at its extremity is tangent to the O). 

Case 2. — When the given point is without the circumference. 

Let ABG {Fig. 2) be the given circle, its centre, 
E the given point without the circumference. 
It is required to draw a tangent to the circle ABG frmn 

the point E, 

Join OE. 

On j5^ as a diameter, describe a circumference intersecting 
the given circumference at the points M and H, 

Draw if and H, EM and EH. 

Now Z ME is a rt. Z, § 204 

{being inscribed in a semicircle). 

.'. EM is -L to M at the point if; 

.'.EM is tangent to the O, § 186 

(a straight line J-to a radius ai its extremity is tangent to the O). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 
242. To inscribe a circle in a given triangle. 




1 .7--X 



Let ABC be the giveli tiisMgle* 
It w required to inscribe a O in the A ABC. 
Draw the line A E, bisecting Z A, 
and draw the line C E, bisecting Z C. 
Draw EHS. to the line A C. 
From E, with radius EH, describe the O KMH. 
The O KHM is the O required. 
For, draw^ir±to^.ff, 
and ^if± to ^C. 
In the rt. A ^ KE and A HE 

AE = AE, Iden. 

AEAK^AEAH, Cons. 

.'.AAKE^AAHE, §110 

(Two rt. ^ are equal if the hypotenuse arid an a,ciUe Z of the one he eqiud 
respectively to the hypotenuse and an acute /L of Vie other), 

.\EK^EH, 

(being homologous sides of equal A). 

In like manner it may be shown EM= EH, 
.-. EK, EH, and E M slvq all equal. 
.•. a O described from E as a, centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

Q. E. F. 
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Proposition XLL Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle. 

H 




• m BoL 



Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
shall contain A M, 

At the point B construct Z.ABE equal to Z M. 
Bisect the line ^1 J5 by the \^ F H, 
From the point B, draw BO ±to EB. 
From Oy the point of intersection of FH and B O, sls a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a ± erected at the middle of 
A By is at equal distances from A and B, § 58 

{every point ina ± erected at the middle of a straight line is at eqttal dis- 
tances from the extremities of that line) ; 

.*. the circumference will pass through A, 
Now B F Is ± to OB, Cons. 

.'.BFiB tangent to the O, § 186 

(a straight line ±to a radius at its extremity is tangent to the O). 

.'.j^ABFia measured by ^ arc -4 5, § 209 

(being an Z formed by a tangent and a chord). 

Also any Z. inscribed in the segment A RB, aa for iiistance 
Z A KB, is measured by ^ arc A B, ^ § 203 

{being an inscribed Z ). 
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.\Z.AKB = Z.ABE, 

{being both measured by i the same arc) ; 

.\ZAKB = ZM. 

.*. segment AHB\& the segment required. 



Q. E. F. 



Proposition XLII. Problem. 

244. To find the ratio of two commensurable straight 

lines, 

E H 

A 1 L_1_B 

K 

C7! ; , ^Z) 

F 
Let AB and C D be two straight lines. 

It is required to fi,7id the greatest common measure of A B 
and C Df so as to express their ratio in figures. 

Apply CjD to AB as many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB to C I) sls many times as possible. 

Suppose three times with a remainder FD. 
Then apply FD to E B sls many times as possible. 

Suppose once with a remainder HB. 
Then apply HB to F I) as many times as possible. 

Suppose once with a remainder KD. 
Then apply ED to HB aa many times as possible. 
Suppose KjD is contained just twice in HB, 
The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2ED; 

FD = HB + KD= dKD; 
EB = FI)+ HB = 6KI); 
CD =3EB-^ FD = ISED; 
AB '=2CD+ EB = 4tlKD. 

" CD ISED' 

• ^ ^. ^AB 41 
/. the ratio of -^ ~Tg • 

Q. E. F. 



J 
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Exercises. 



1. If the sides of a pentagon, no two sides of which are 
- parallel, be produced till they meet ; show that the sum of all 

the angles at their points of intersection will be equal to two 
right angles. ^ .! / . . yc '' 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
^-' / t. . : each of the jangles at the base double of the third angle, and is 

inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. AD B is a. semicircle of which the centre is C ; and A EC 
is another semicircle on the diameter AC \ AT is a common 
tangent 4io the two semicircles at the point A, Show that if 
from any point F, in the circumference . of the first, a straight 
line FC hQ drawn to C, the paTt F K, cut off by the second 
semicircle, is eg^ual to, the perpendicular FH to the tangent A T. 
^ 5; Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect . 
at right angles. ^^\ . " ■ 

6. If a triangle ABCh^ formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N, are fixed, while the third, B (7, touches the cir- 
cumference at a variable point P ; show that the perimeter of 
the triangle ABC is constant, and equal to AM -\' A N^ or 
2 AM. Also show that the angle B C is constant. ' sj^ 

7. A B is any chord and AC is tangent to a circle at A, 
C D E dk line cutting the circumference in D and E and parallel 
to A B\ show that the triangle AC I) is equiangular to the 
triangle EAB, 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. l/f-.'yt /f>u. cAy ~ " '. . • 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. a '•,.,-.. ^• 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. . */ ^ - 

4. Given the base, vertical angle, and the perpendicular from, 
the extremity of the base^ to the opposite side : construct the 
triangle. __^. . ^ ^- ^ IJ/ 

xlu. S« Describe a circle cutting the sides of a given square, so 
^. that its circumference may be divided at the points of inter- 
section into eight equararcs. -' . -^ « ' 

6. ' Construct an angle of 60°, one of 30**, one of 1 20°, one 
of 150°, one of 45°, and one of 135°. 

7. In a given triangle ABC, draw QBE parallel to the base 
B C and meeting the sides of the triangle at D and E, so that 

, i)^shallbeequalto J95+ ^(7. ^.'!c.- .. ' /j 6«^ 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F\ 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F, (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 



BOOK III. 

PEOPOETIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 
246. Dbp. The Tenm oi a ratio are the quantities com- 



246. Dep. The Antecedent of a ratio is its first term. 

247. Dep. The Consequent of a ratio is its second term. 

248. Dep. A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may he expressed in any one of the following 
forms: — 

1. a : b : : c : d 

2. a : b = c : d 

3. ?="-. 
b d 

Form 1 is read, a is to & as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of c to d. 

Form 3 is read, a divided by b equals c divided by d. 

The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second and fourth terms are the consequents. 

249. The Extremes in a proportion are the first and fourth 
terms. 

250. The Mean% in a proportion are tfie second and third 
term& 
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251. Def. In the proportion a :b : : c : d; d ia & Fourth 
Proportumal to a, h, and c» 

252. Dep. In the proportion a:6::*6:c; c is a Third 
Proportional to a and h, 

253. Def. In the proportion a:6::6:c; 6is a Mean 
Froportio7ial between a and c. 

254. Def. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a:h::-:\. 

c d 

If we have two quantities a and 6, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 
a 

cal proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : -. 

h a 

255. Dep. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a \ h : I c : d^ 
we have either 

a : e : : b : dy or, d : b : : c : a, 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : b : : c : d, 
by inversion we have 

b : a : : d : c. 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth, 
is to the third. 



d, 



258. Dep. a proportion is taken by Bitdsion, when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 



Thus if a : h : 


:c:d, 


we have by composition, 




a+ 6 : 6 : 


: c + d 


or, a+ b : a : 


: c + d 



Thus if a : b : 


:c :d. 


we have by division 




a — 6 : b : 


: c — d : d, 


or, a — bia: 


: c — d : c. 



Proposition I. 

259. In every proportion the product of the extremes is 
equal to the product of the means. 

Let a : b : : c : d. 

We are to prove ad = be. 

l^ow ? = -?, 

b d' 

whence, by multiplying hj bdy 

ad = be. 

Q. E. D. 
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In the treatment of proportion, it is assumed that fractions 
may be found which will represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
common unit Thus the ratio of a line 2^ inches long to a line 
3 J inches long may be represented by the fraction §| when both 
lines are expressed in terms of a unit y^y of an inch long. 

But it often happens that no imit exists in terms of which 
hoth the quantities can be expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to any required degree of accuracy. 

Thus, if a and h denote two incommensurable Hues, and h be 
divided into any integral number (n) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

m + 1 times, then _ > — but < — I- — ; so that the error 
h n n 

in taking either of these values for - is < -. Since n can 

b n 

be increased at pleasure, - can be made less than any assigned 
n 

m 

value whatever. Propositions, therefore, that are true for — and 

n 

— it — , however little these fractions differ from each other, are 
n 

true for - ; and - may be taken to represent the value of -. 
b n b 



Proposition IL 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : 6 : : 6 : c, 

62 = ac, §259 

(fk& product of th£ extremes is eqical to the product of the means). 



Whence, extracting the square root, 
b = ^ac. 



Q. B. D. 
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^Proposition III. 

261. If the product of two quantities he equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means. 

Let ad = bc. 

We are to prove a : b : : c : d. 

Divide both members of the given equation by b d. 

or^ a : b : : c : d, 

Q. E. D. 

Proposition IV. 

262. If four quantities of the same hind he in propor- 
tion, they will he in proportion hy alternation. 

Let a I b \ : c : d. 
We are to prove a \ c : : b : d. 

Now, ^ = £. 

b d 

Multiply each member of the equation by - • 

c 

Then « = t 

c a 

or, a \ c i: b \ d, 

Q. E. D. 
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Proposition V. 

263. If four quaniitiea he in proportion, they will he ifi 
^proportion hy inversion. 

Let a I h \ : Q \ d. 

We are to prove h : a : : d : c. 



Now, 


a 


e 

'2- 


Divide 1 


by each member of the equation. 


Then 


b _ 
a 


d 

■■ - > 

c 


or. 


b : a : 


.d:e. 



Q. E. D. 

Proposition VI. 

264. If four quantities he in proportion y they will he in 
proportion hy composition. 

Let a I h : : c \ d 

We are to prove a+6 \ h ::c + (£:cl 

Now 



Then 
that is, 



or, 

* Q. E. D. 





a 


c 






b 


"""5' 




1 member of the equati 


Lon. 


a 

b 


+ 1 


-!+■. 




a 


+ 6 


c-\- d 






b 


-' d ' 




a + b 


: b 


:: c-^-d : 


(f. 
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Proposition VII. 

265. If four quantities he in jprojportiony they will he in 
proportion by division. 

Let a : b : : c : d. 
We are to prove a — b : h : : c — d : d, 

b d 
Subtract 1 from each member of the equation. 

Then 
that is^ 



or. 



a c 




a — b c — d 
b '^ d ' 




a — b : b : : c — d : 


d. 



Q. E. D. 



Proposition VIII. 
266. In a series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequeik^.. 

Let a : b = c : d = e :f = g : h. 
We are to prove a + c-\-e-\-g:b + d-\'f+h::a\b. 
Denote each ratio by r. 

I -'.'■'- '^ CL c e g 
Then. '•=6=d=7=A- 

Whence, a = br, c = dr, e=fr, g'^^hr. 

Add these equations. 

Then a + c + e + ^ = (6 + c^ +/+ A) r. 

Divide by (6 + c^+/+ A). 

Then a + c+. + .(7 ^ g 

b + d+f+h ^ 6' 

or, a-\-c-\-€'\-g\b + d-\-f-^hi\a:b. 

Q. E. D. 
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Proposition IX. 

267. Theprodticis of the corresponding terms of two or 
more proportions are in proportion. 

Let a : b : : c : d, 
e :f :: g : h, 
k : I : : m : Uf 

We are to prove aek : b/l : : cgm : dhti. 

Now «=£. i^i, 1=!?. 

b d /A In 

Whence by multiplication, 

aek cgm 

b/l dhn 

or, aek : bfl : : cgm : dhn. 

Q. E. D. 

Proposition X. 

268. Like powers, or like roots, of the terms of a pro- 
portion are in proportion. 

Let a : b : : e : d. 



We are to prove a* : ft** : : c* : c?*. 




1 L I 1 
and a* : 6» : : c» : c?». 




b d 




By raising to the n^ power. 




^ = ^ ; or a« : 5» : : c" 
6" d^ 


: cf». 


By extracting the n^ root, 




1 1 
a» cw 1 ,1 I 
— = ~ ; or, a» : o» : : c» : 


:^ 


6« c?» 





Q. E. D. 

269. Dep. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m b are equimultiples of a and b. 
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Proposition XL 

270. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a and h be any two quantities. 
We are to prove ma : mh : : a : b. 

Now «=f. 

6 6 

Multiply both terms of first fiaction by m. 

Then ma^ a^ 

mo h 

or, ma : mh : \ a : h, 

Q. E. D. ^ 

Proposition XIL 

271. If two quantities he increased or diminished by 
like parts of each, the results will he in the same ratio as the 
quantities themselves. 

Let a and h be any two quantities. 



We are 

In the 


to prove 
proportion, 


a± 


La 
2 


:h ± 


lb 
2 




ma : 


mh : 


: a : 


6, 


substitute for m, 1 


±P 
2 


• 






Then 


(i±^ 


)- 


('=^ 




: : c 


or 


a± 


^a 


:6± 




: a 



a : h, 



Q. E. D. 

272. Dep. Euclid's test of a proportion is as follows : — 
" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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" If the multiple of the first be less than that of the secolid, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the first be equal to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

"If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Pboposition XIIL 

273. If four quantities be proportional according to thb 
algebraical definition, they will also be proportional according 
io Euclid's definition. 

Let a, h, c, d be proportional according to the alge- 

a c 
braical definition ; that is t=' 3 • 

a 

Ife are to prove a, h, c, cf, proportional according to Euclid! s 
definition. 

Multiply each member of the equality by — . 

Then ma^mc 

nh nd 

Now from the nature of fractions, ' 

if ma be less than nh, mc will also be less than n d ; 

r^ ii ma be equal io nh, mc will also be equal to nd; 

' if 7» a be greater than nh, mc will also be greater than n d. 

.'. a, b, c, d axe proportionals according to Euclid's def- 
inition. 

a. E. D. 
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Exercises. 

1. Shaw that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base,^ 1^/ 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABC and the perpendicular let fall from A on 
EC \& equal to one-half the difference between the angles B 
and (7. 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- i 
nuse is equal to one- half the hypotenuse. / ^ 

5. Two tangents are drawn to a circle at opposite extremities v^Ji 
of a diameter, and cut off from a third tangent a portion AB. ^ I 
If (7 be the centre of the circle, show that AGB is & right angle, vj' ' 

6. Show that the sum of the three perpendiculars from any I 
point within an equilateral triangle to the sides is equal to the ij 
altitude of the triangle, j^^ .f^ ^ ' L %i.'(\f^ ♦'"— • ' 'i/^'J 

7. Show that the least chord which can be drawn throupjh a ', j 

/ 
given point within a circle is perpendicular to the diameter 

drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. ^^2- -' 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides; show that a circle 
can be inscribed in the quadrilateraL 
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On Proportional Lines. 

Proposition I. Theorem. 

274. If a series of parallels intersecting any two 
straight lines intercept equal parts on one of these lines, 
they will intercept equal parts on the other also. 

H W 



K K' 

Let the sezies of paraUels A A', BB\ CC\ DJy, EE', 
intercept on H' K' equal parts A^B', B' C\ CD', etc. 

We are to prove 

they intercept on HE equal parts A B, B C, CD, etc. 

At points A and B draw A m and ^ » II to H' El. 

Am = A'B\ §135 

{parallels comprehended between parallels are equal). 

Bn^B'C, §135 

.'. Am = Bn, 
In the A BAm and C Bn, 

ZA==ZB, . . § ^'^ 

(Jiaving their sides respectively II and lying in the same direction from, 

the vertices). 

Z. m = Z. Tiy § 77 

and Am = Bn, 

.'. ABAm = A CBn, § 107 

(Tuzving a side and two adj. A of the one equal reapectively to a side and 
two adj. A of the other). 

.-. AB = BC, 

{being homologous sides of equal &^). 

In like manner we may prove 30"= CD, etc. 

Q. E. D. 
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Proposition II. Theorem. 

275. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor- 
tioyially. 



Fig. 1. Fig. 2. 

In the tii&ngle ABC let EF be drawn pdr&Ilel to BC. 

w 4 EB FC 

We are to prove = 

^ AE AF 

Case I. — When A E arid EB {Fig. 1) are comTnensurahle'^ 
Find a common measure of A E and EB, namely Bm. ^ 
Suppose ^ m to be contained in B ^.three times, 
and in -4 ^ five times. 

Then ^ = 1 

AE 5 

At the several points of division on B E and A E draw 
straight lines II to B C. 

These lines will divide A C into eight equal parts, 

of which FG will contain three, and A F will contain five, § 274 

(if parallels intersecting any tioo straight lines intercept eqv/il parts on one 

of these lines, they will intercept equal parts on the other also), 

. FG _3 
" AF 5* 

But M^ = ^ , 

.•.?|=^. Ax.l 

AE AF 
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Case. II. — fFhen A^ E and E B {Fig. 2) are incommunaurdbU, 

Divide A E into any number of equal parts, 

and apply one of these parts to ^^^ as often as it will be 
contained in E B. 

Since A E and EB aire incommensurable, a certain number 
of these parts will extend from j&' to a point K^ leaving a i»- 
mainder KB^ less than one of the parts. 

Draw JT^I! to JJC. 

Since A E and EK&re commensurable, 

--„ = -7-7. (Case I.) 

AE AF ^ ' 

Suppose the number of paits into which ii j^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B. 

The limit of EK wHl be E B, and the limit of FH will be FC 

' /. the limit of will be , 

AE AE 

and the limit of -— — will be — - . 

AF AF 

JP IT W TT 

Now the variables — - and -— — are always equal, how- 
A E A F 

ever near they approach their limits ; 

.-. their limits ^ and L^^ are equal, § 199 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB ', AE i: FC : AF. §276 

By composition, 

E B -^ A E : A E : : FC + A F : AF, § 26S 

or, AB : AE :: AC :AF. 



/ 



I 
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Proposition III. Theorem. 

277, If a straight line divide two sides of a triangle 
proportionally, it is parallel to the third side, 

A 




In the triangle ABC let E 3 he drawn so that—= — . 

AE AF 

We are to prove EFWtoBC. 

From E draw Ell i'ioB 0. 

'^^'^ H = j|' 5 276 

{one side of a t:^ is to either part cut offhya liru W to the hose, as the other 
side is to the correspondirig par£)* 

But £^ = ^, Hyp. 

AE AF' ^^ 



Ax. 1 



.AC^AO 
/ " AF AH' 

.\ AF= AH. 

r. EF and E H coincide, 
{th^ir extremities being the sarr^e points). 

But E H is W to BC; Cons. 

.*. EF, which coincides with EH, is II to ^ C. 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportionaL 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 
Proposition IY. Theorem. 

279. Tioo triangles which are mutually equiangular are 

similar. 

A 
Af 





Bf^ ^Cf 

In the A ABO and A' Bf O let A A, B, C be equal to 
A A'y B^y C respectively^ 
Wearetoprove AB \ A' B' -=- AC \ A* C -^ BG \Bf C. 

Apply the A .i'^ C' to the A ^ ^ C, 
so that Z. A' shall coincide with Z A, 

Then the A ^' ^ (7' will take the position oit^AEH. 

Now Z A EH (same as Z ^) = Z 5. 

.-. jE^^isllto^a, §69 

{yoKen two straight lineSy lying in the same plane-, are cut by a third straight 
line, if the ext, int, A be equal (he lines are parallel), 

.\AB I AE = AC : AH, §276 

{pTie side of a A is to either part cut off by a line W to the base, as the other 
side is to the corresponding part). 

Substitute for ^ ^ and ^ // their equals A' B' and A' C. 

Then AB : A' B =^ AC : A'C, 

In like manner we may prove 

AB : A' B' = BC : B'C. 

.*. the two A are similar. § 278 

Q. E. D. 

280. Cor 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 
282. Two triangles which have their sides respectively 
proportional are similar. 





In the tiiangles ABC and A' B' C let 

AB ^_AC^ ^ B^ 
A'B' "" A' a B'C' 
We are to prove 
A A, B, and C equal respectively to A A'y B', and C. 

Take qvlAB.AE equal to A' B', 
. and on ^ (7, i( ^ equalto i(' C7'. J)i^yr E H. 

AB _ AC ^ 

A^'^A^'' ^• 

Substitute in this equality, for A' B' and A' O their equals 
J ^ and ^ H, 

Then £^ = ^. 

AE AH 

.'.Ellis II to BC, § 277 

(if a line divide two sides of a A proporticmally, it is W to the third side), 

Now in the A ^ BG and A EH 

AABG^AAEH, §70 

{being ext. int, angles), 

ZACB = ^AHE, §70 

ZA==ZA. Iden. 

.'.A ABC and A EH are similar, § 279 

{two mviv^lly equiangular A are similar), 

. AB AE . oH.r> 

"Td^EH' 5 ^^^ 

Qiomologous sides of similar ^ are proportional). 
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But 



Since 



AB 


A'B' 


BG 


B'C' 


AE 
EH~ 


A'B' 
B'C'' 



Hyp. 



Ax. 1 



Cons. 



§108 



AE^A'B', 
EH^B'Q'. 
Now in the A il ^ J7 and A' B' C, 

EH=-B'C', AE = A'B', and An-=A'C', 

.\^AEH=-AA'BC', 
(having three sides of the one equal respectively to three sides of the other). 

But A A EH is similar to A ABC. 

.-. A A'B' C is similar to A ABC, 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Bf 



Thus in the quadrilaterals Q and Q', the homologous sides 
are proportional, but "the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and R', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 
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Proposition VL Theorem. 

284. Two triangles having an angle of the one equal to 

an angle of tJie other ^ and the including sides jprojaortional, 

are similar, 

A 
Af 





In the triangles ABC &nd A' B' C let 

/A — Z A* And ^^ — ^ ^ 
/LA ^A, ana -^^^- -j^. 

We are to prove ^ ABC and A' B' C similar. 

Apply the A A' B C to the A ^ ^(7 so that Z A' shaU 
coincide with A A, 

Then the point B' will fall somewhere upon il j?, as at E^ 
the point C will fall somewhere upon ACy 2a at Hy and 
B'C'vi^ouEH. 

XT AB AC W" 

Substitute for A' Bf and A' C their equals AE^xAA H. 

Then 1^ = ^. 

AE AH 

/.the line EH divides the sides AB and AC propor- 
tionally ; 

,'.EHia WtoBCy . § 277 

(if a line divide two sides of a A proportionally^ it is W to the third side), 

,', the A ABC and A EH axe mutually equiangular and similar. 

.'.AA'B'C'is similar to A ^ ^ C. 

GI.E.O. 
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Proposition VIL Theorem. 

285. Two triangles which have their sides respectively 
parallel are similar. 





O A 



In tlie tii&ngles ABC and A' B' C let AB,AC, and 
B C be parallel respectively to A' B', A'O, and 
B'C. 
We are to prove A ABC and A' B' C similar. 

The corresponding A are either equal, § 77 

(two z$ wJiose sides are II, tivo and. two^ and lie in the same direction^ or 
opposite directions f from their vertices are equal). 

or supplements of each other, § 78 

(^if tioo A have two sides W and lying in the same direction from their vertices, 

ivhile the other two sides are II and lie in opposite directions, the A are 

supplements of each other). 

Hence we may make three suppositions : 

1st. il + ^' = 2rt. ^, 5+j5' = 2rt. A C+C' = 2rt. A 
2d. ^ = i', ^ + ^' = 2rt.4 C+C7' = 2rt. A 

3(L A=A', B = B' .'. b = (7'. 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.-. the tvjo A ABC and A' B' C are similar, § 279 

(tvx> mutually equiangular ^ are similar), 

Q. E. D. 
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Proposition YIII. Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. 

B 




In the triangles EFD andBA C, let E F, FD and ED, 
be pezpendicnlar respectively toAC,BC and AB, 

We are to prove A EFD and BAC similar. 

Place the A EFD so that its vertex E will fall on A B, 
and the side E F, JL to A C, will cut ^ C at F'. 

Draw F' D' II to F D, and prolong it to meet BC at H. 
In the quadrilateral B Ely II, Isu E and H are rt. A. 

.'.AB^-AED H-=1r\.. A. 



But ZED' F'^ZED' H==2rt. A. 

.\ZED' F' = ZB, 

Now ZG + ZHF'G=Tt.Z, • 

(m a rt. A the sUm of the two acute A = arU Z.) ; 

and ZEF'D' + ZHF'G = rt,Z, 

.\ZEF' D' = ZC. 
.'.AEFD' and BAC are similar. 
But A EFD is similar to A E F D*. 

.'. A EFD and B A C Sire similar. 



§ 158 

§34 

Ax. 3. 

§ 103 

Ax. 9. 
Ax. 3. 

§280 
§279 

Q. E. D. 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Theorem. ^. ,, 

288. Lines drawn through the vertex of a triangle divide 
SToportionally the base and its parallel. 




In tlie triangle ABC let H L he parallel to A C, and 
let BS and BT he lines drawn through its ver- 
tex to the base. 



We are to prove 




AS ST 
HO OR 


TO 
'- RL 



ABHO mdBASsLTe similar, § 279 

(tioo ^ which are muttbally equiangular are similar), 

A BO R a.nd B ST SiTesimila.T, §279 

A^^Z and ^7^(7 are similar, § 279 

.•.^=YM) = ^=f^)==^^, §278 
BO \0B/ OR \BR/ RL' 

(homologou>s sides of similar A are proportional). 

Q. E. D. 



Ex. Show that, if three or more non-parallel straight, lines 
divide two parallels proportionally, they pass through a common 
point. 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle^ and also to each other. 

II. The perpendicular is a mean proportional between 
the segments of the hypotenuse, 

in. Each side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment. 

rV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote^ 
nuse. 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypot>emise has to the segrrent 
adjacent to that side, 
B 




F 

In the light triangle ABC, let BF be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A 0. 

I. We are to prove 

the A ABF, ABCy and FBC similar. 
In the rt. ABAFQ.i\diBA (7, 

the acute Z. A ib common. 

.*. the A are similar, § 281 

(tvx) rt, ibk are similar when an a/mte Z. of the one is equal to an acute A 
of the other). 

In the rt. A ^ (7 i^ and BCA, 

the acute Z C is common. 

.*. the A are similar. § 281 

Now as the rt, A A B F and C BF are both similar to 
AB G,\yj reason of the equality of their A, 

they are similar to each other. 
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II. We are to prove A F : BF :: £F : FC. 
In the similar AABF&ndCBF, 

A Fy the shortest side of the one, 
: B Ff the sliortest side of the other, 
: : BF, the medium side of the one, 
: F G, the medium side of the other. 

III. We are to prove AC : AB :: AB : AF. 
In the similar A ^^C^ and ^^i^, 

A C, the longest side of the one, 
A By the longest side of the other, 
A By the shortest side of the one, 
A Fy the shortest side of the other. 
Also in the similar A ABC and FB Cy 

A C, the longest side of the one, 
B C, the longest side of the other, 
B C, the medium side of the one, 
F Cy the medium side of the other. 

-r-CT -nr ^ A n A F 

XV . We are to prove = — — . . 

In the proportion AC \ AB w AB \ AF^ 

£^ = AGXAFy § 259 

{the prodiiet of the extremes is eqiuzl to the product of the means}, 

and in the proportion AC : BC : : BC : FC, 

FTf=-ACX FC. §259 

Dividing the one by the other, 

J^ ^ AGXAF 
]f(f ACXFC' 
Cancel the common factor A Cy and we have 
JB^ ^ AF 
j^2" FC' 

V. We are to prove ^ = :^. 
A& AF' 

jn^-=^ACXAG. 

Tff-^ACXAFy (Casein.) 

Divide one equation by the other; 

JTd^ ACXAC _ AC 



then 



J^ ACXAF AF Q.E.D. 
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Proposition XL Theorem. / j 

290. If two chords intersect each other in a circle^ tAeir^ 
segments are r^^wiai/y proportional. 




Let the two chords A B and E F intersect at . the 
point 0, " 

We are to prove AO : EO :i OF : OB. 

Draw ^ i^ and ^^. 

In the A ^ O/'and ^0 ^, 

AF=AB, 

(each beiTig measured by i arc A E), 

AA^AE, 
J^ack heing measured by i arc FB), 

,\ the A are similar. § 280 

(two ^ are similar when two A of the one are eqvAil to two A of the other). 



§203 
§203 



Whence 



A Of the piedium side of the one, 
E Of the medium side of the other, 
F, the shortest side of the one, 
By the shortest side of the other. 



278 



e. 



Q. E. D. 



j : ^r^- 
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Fboposition XIL Theoreh. 

291. If from a point without a circle two secants be 
drawn, the whole secants and the parts without the circle 
are reciprocally proportional. 




Let OB and OC be two secants drawn from point 0. 
We are to prove OS : OC :: OM : OB. 

Dia.w HO ajid MB. 
Inthe A one and MB 

Z is common, 

ZB = ZC, § 203 

. (each hemg measured by i arc EM). 

.'. the two A are similar, § 280 

{two A are similar when two A of the one are eqv>al to two A of the other). 

Whence B, the longest side of the one, ' § 278 

C, the longest side of the other, 
M, the shortest side of the one, 
H, the shortest side of the other. 

Q. E. D. 
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Proposition XIII. Theorem. 

292. If from a point without a circle a secant and a 
tangent be dravm, the tangent is a mean proportional between 
the'whole secant and the part without the circle. 






Let OB he a tangent and 00 a secant drawn from 
the point to the circle MB O. 

Wearetoprove 00 : OB :: OB : M. 

Draw^Jf andi?C. 

In the A OBMoji^OBO 

Z is common. 

Z OB Mis measured by | arc MB, § 209 

{being an Z formed by a tangent and a chord), 

Z is measured by | arc i? Jf, § 203 

{being an inscribed Z. ). 

.-.Z OBM=Z C, 

.-. A 0-BC and O^-^f are similar, §280 

(Juiving two A of the one eqital to two A of the other). 

Whence 0, the longest side of the one, § 278 

: By the longest side of the other, 
: : OB, the shortest side of the one, 
: M, the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Theorem. 

293. If two polygons he composed of the same number 
of triangles which are similar^ each to each, and similarly 
placed, then the polygons are similar, 
E 





B C BO 

In the two polygons ABODE and A'B'C'B'E', let 
the triangles BAE, BEC, and GEB he similax 
respectively to the triangles B' A' E',B' E' C, and 
C'E' D'. 

We are to prove 
the polygon ABODE similar to the polygon A' B' C D* E'* 

/.A=/.A', § 278 

(being hoTnologous A of similwr S^ ). - 

ZABE^ZA'B'E', §278 

Z EBO = ZE'B'C'y §278 

Add the last two equalities. 

Then Z ABE + Z E BC'=^ Z A' B' E' -^ Z E' B' O' -, 
or, ZABO=-ZA'B'0', 

In like manner we may prove Z BO D = Z B' O' D'y etc. 
. the two polygons are mutually equiangular. 

OD _ ED 
' E'D'' 



O'D' 



^^^AE __AB (EB\_^BO_lEO\^ 

1!^''' A' B'\E B')'~ B' 0' \E'G'} 

{the homologous sides of similar A are proportional). 

.'. the homologous sides of the two polygons are proportional 

.'. the two polygons are similar, § 278 

Qvamng their homologoiLS A equals and their homologous sides proportional), 

Q. E. D. 



] 
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Proposition XV. Theorem. 

294. If two polygons be similar , they are composed of 
the same number of triangles y which are similar and similarly 
placed. 





B C BO 

Let the polygons ABODE and A'B'C'B'E' be simil&i. 

From two homologous vertices, as E and E'^ 

draw diagonals EB, EC, and E'B, E' C. 

We are to prove AAEB, EBCyECD 

similar respectively to A A' E'B', E' B' C, E' O !>, 

In the AAEB and A' E B\ 

ZA = ZA', 
{being homologous A of similar polygons), 

AE AB 



§278 
§278 



A'E', A'B' 
{being homologotis sides of similar polygons), 

,'.AAEBe^ndA' E' B' are similar, § 284 

(having an Z. of the one eqtial to an Z. of the other ^ and thA including 
sides proportional). 

Also, ZABC==Z.A'B'0, 

{being homologotis A of similar polygons). 

ZABE = ZA'B[E, 
{being homologous A of similar A ). 

.\ Z. A B C - Z A B E == Z A* B' C - Z A' B' E'. 
That is ZEBG = ZEB'C'. 
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Now 



dlso 



EB ^ AB^ 

E'B' A'B' 
(JkiJig hcmiologous sides of similar ^ ) ; 

BC ^ AB^ 

B'C A'B'' 
(being Juymologoiis sides of similar polyg<ms). 



Ax. 1 



.-. AJSBCaad E'B' C are similar, § 284 

{havi'ng an Aofihs qm ufual to an/.ofOu other ^ and the including sides 
proportunud). 

In like manner we may prove A EGB similar to A E'CB*. 

Q. E. D. 

Proposition XYI. Theorem. 

295. The perimeters of two similar polygons have the 
same ratio as any two homologous sides, 
E 





B C BO 

Let the two similar polygons beABCDEandA'B'C'D'W, 

and let P and F represent their perimeters. ' 

We are to prove F : F' :: AB : A'B', 

AB : A'B :: BC : B' C iiCD : C JD' etc. § 278 
(t?ie homologous sides of similar polygons are proportional), 

.-. AB + BC, etc. : A'B' + B'C, etc. : : AB : A'B', § 266 
(in a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any aiUecedent is to its conseqtient). 

That is F : F :: AB : A' B\ 

Q. E. D. 



158 



GBOMETBY. BOOK UL, 



Proposition XVIL Theorem. 

296. TAe homologom altitudes of two similar triangles 
have the same ratio as any two homologous sides. 





In the two similar triangles ABC and A'B'C, let 
the altitudes be BO and B'O'. 



We are to prove 



BO AB 



B'O' A'B' 

In the rt. A 50.1 and B' 0' A\ 

ZA=ZA' 
(being hoTtiologous Aoftht similar ^ AB and A' B' (V), 



§278 



r.ABOA and A B' 0' A' are similar, §^281 

(tvH) rt, ^ having an acute Z. of the (me eqtial to an acute Z of the oth&r are 

similar), 

.*. their homologous sides give the proportion 

BO AB 



B' 0' A^B' 



a E. D. 



297. Cor. 1. The homologous altitudes of similar triauigles 
have the same ratio as their homologous bases. 
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In the simikr A A B G tinA A' B' C, 




AO AB 
A'C A'B'' 


§278 


{tJie homologous sides of similar & are proportional). 




And in the similar A BOA aad B'&A', 




BO AB 
B'O* A'B'' 


§296 


. BO AC 


Ax.1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by F', 

Then ^ = -ij? , § 295 

F' A'B' ^ 

{the perimeters of two similar polygons have the saTM ratio as any tioo 
homologotLS sides). 

But ^^AI.; §296 

BfO' A' & 

•^^ ^ Ax.l 



Bcy P' 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional, ^tf ^ 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. . ' !• ,. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K, On -4 ^ is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in Fy E, FE produced meets B A produced in F. Show 
that as P^ is to P JT so is C7P to C^, and so also is FH to FB, 
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Proposition XVIIL Theorem. 

299. In any triangle the product of two aides is equal 
to the product of the segments of the third side formed hy the 
bisector of the opposite angle together with the square of the 
bisector. 




Let ABAC of the A ABC be bisected by the straight 

line AD, . 

We are to prcm BAXAC = BD X DC + AD^. 
Describe the O ABC about the A ^ J5 C ; 
produce AD io meet the circumference in E^ and draw E C, 
Then in the A ^ BD and AEC, 

ABAD = ZCAE, Hyp. 

ZB = Z E, § 203 

(each being measured hy } the arc A C). 

,'. A ABD and AEC are similar, § 280 

(ttoo A. are similar when two A of the one are equal respectively to two A 
of the other). 

Whence BAy the longest side of the one, 
\ EA, the longest side of the other, 
: : A D, the shortest side of the one, 
: A C, the shortest side of the other ; 
BA __ AD 

~EA ^ AC' 
(Juymolog&us sides of similar ^ are proportional), 

.\BAXAC = EAXAD, 

But EAXAD = (ED + AD) AD^ 

.\BAXAC=-EDXAD-^ AD*. 

But EDXAD = BDX DC, 

{the segments of two chords in a O which intersect ea^h other ar% 
reciprocally proportional). 

Substitute in the above equaHty BD X DC for ED X A D, 
then BAXAC-^BDXDC-^-Tff. 

Q. E. D. 



or. 



§278 



290 
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Proposition XIX. Theorem. 

800. In any triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from the vertex of 
the opposite angle. 




IfOt ABC be a triangle, and AD the pezpendiculai 
trom A to BC, 

Describe the circumference ABC about the A ABC. 

Draw the diameter A U, and draw E C. 

We are to pr&ve BAXAC = EAX AD. 

lutheAABDo.n^AEC 

/, BD A\BB,Tt. Zy Cons. 

Z^(7^i8art. Z, §204 

(being inscribed in a semicircle), 

\\ZBDA=ZECA. 

/.B = Z E, § 203 

(fiCLch heitig measured by \ the arc A (J). 

.\AABDB.n^AECB.T^ simUar, § 281 

(pujo rt. ^ Tiaving an actUe Z. of the one equal to an acute Z. of the other a/re 

similar), 

BAy the longest side of the one, 
E Ay the longest side of the other, 
AD, the shortest side of the one, 
A C\ the shortest side of the other ; 

BA _ AD 
EA AC' 
\BAX AC = EAX AD, 



Whence 



or. 



§278 



Q. E. D.. 
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Proposition XX. Theorem. 

301. The product of the two diagonals of a quadrilateral 
inscribed in a circle is equal to the sum of the products of its 
opposite sides. 

J) 




Let ABC D he any qnadrUateral inscribed in a circle, 
AC and BD its diagonals. 

We are to prove BBXAC^ABXCD-i-AnXBC. 
Construct ZABB = ZI)BC, 

and add to each A EBB. 

Theninthe A^^Z>andi(7jE; , \ . - 

AABB=-ACBE, ' Ax. 2 

and ZBDA=^/.BCE, §203 

(ecLch being measured by i the arc A B). 

.'. A A B I) Bind B C E, QLTQ similar, § 280 

(two A are similar when two A of the one are eqiujU respectively to two A 
of the other). 

Whence A J9, the medium side of the one, 
C E, the medium side of the other, 
B J9,.the longest side of the one, 
B C, the longest side of the other. 
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- or. 



§278 



AD _ BD^ 
CE "" ~BG' 
(pie homologous sides of similar ^ are proportiofial), 

.\BDX GE = ADXBG. 

Again, in the A ^ ^ ^ and BG D, 

ZABE^Z DBG, Cons. 

and ABAE^ABDGy §203 

(eoc^ hemg measured ly \ of the arc B 0\ 

.\^ABE9xABGD are simUar, § 280 

(pwo h. are similar when two A of the one are equal resj^ctively to two A 

of the other). 

Whence A B, the longest side of the one, 
B Dy the longest side of the other, 
A E, the shortest side of the one, 
GDy the shortest side of the other. 

AB ^ AE 
BD CD' 

(the homologous sides qf similar ^ are proportional), 

.\BDXAE = ABXGD. 
But BDXGE^ADXBG. 

Adding these two equalities, 

BB(AE^- GE) = ABX GD-\- ADXBG, 
or BDXAC=-ABXGD^ADXBG 



or. 



§ 278 



Q. E. D. 



Ex. If two circles are tangent internally, show that chorda 
of tlie greater, drawn from the point of tangency, are divided 
proportionally hy the circumference of the less.^ .-.^ 
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On Constructions. ' 
Proposition XXI. Problem, 
802. To divide a given straight line into equal parts. 

A^.:::^ 7 7 iB 

/ 
/ 



Let AB be the given straight line. 

It is required to divide A B into equal parts. 

From A draw the indefinite line A 0, 

Take any convenient length, and apply it to ii as many 
times afl the line ii j? is to be divided into parts. 

From the last point thus found on A 0, as (7, draw C B. 

Through the several points of division on -4 draw lines 
II to CB. 

These lines divide A B into equal parts, § 274 

{if a series of lis intersecting any two straight HneSj intercept equal parts 
on one of these lines, they intercept equal parts on the other also). 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior, 

II. When the common tangent is interior. 
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Proposition XXTI. Probleic 



303. To divide a given straight line into jaarts pro^ 
portional to any number of given lines. 




Let A By rriy n, and o be given stzsdght lines. 

It is required to divide AB into parts proportional to the 
given lines m, n, and o. 

Draw the indefinite line A X. 

On AX take AG = m, 

GB = n, 
and EF='o. 

■ Draw FB. From E and C draw EKoxi^CHW to FB. 

K and H are the division points required. 

For (4^) = 4i^=^=^, §275 

\AE) AG GE EF ^ 

{a line dravm thr(mgh two sides of a A II to t?ie third side divides those 
sides proportionally), 

,\AH \ HK : KB :: AG : GE : E F. 
Substitute ?w, n, and o for their equals AG, G E, and E F. 
Then A H : HK : KB : : m : n : o. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight lines. 

B F m 






R 



Let the three given lines be m, n, and o. 

It is required to find a fourth proportiokal to m, n, and o. 

Take A B equal to n. 

Draw the indefinite line AR, making any convenient Z 
with AB. 

On ^^ take A C = m, and OS = o. 

Draw OB. 

From S draw SF W to CB, to meet A B produced at F. 

BFia the fourth proportional required. 

For, AC : AB :: OS : BF, § 275 

(a line draum through two sides of a /Wl to the third side divides those sides 
jproportio7ially). 

Substitute m, n, and o for their equals AC, AB, and C S, 

Then ' m : n : : o : BF. 

Q. E. F. 
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Proposition XXIV. Problem. 

305. To find a third proportional to two given straight 
linea. 

A 



/ 


\ 


A 


B 


b/~ 


— \(7 






/ 


\ 


A 


C 


/ 








/ 








/ 


\ 






1 


\ 






i 


— , . .\ w 







Let A B and AC be the two given straight lines. 

It is required to find a third proportional to AB and A C. 

Place A B and -4 (7 so as to contain any convenient Z. 

Produce ABioB, making ^Z> =» ii (7. 

Join BO. 

Through J) draw DH W to BO to meet A produced at E. 

CE iaa. third proportional to -4 ^ and AO. § 251 

{a line drawn throvjgh two sides of a HW to the third side divides those sides 
proportionally). 

Suhstitute, in the above equality, A for its equal B D ; 

Then AB^AO_ 

AO QE' 

or, AB : AO :-. AO : OE. 

Q. E. F. 
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lines. 



Proposition XXV. Problem. 
306. To find a mean jaro^iortional between two given 
H 




Let the two given lines be m and n. 
It is required to find a mean proportional hetvjem m and «. 
On tlier straight line A E 

take AC "^m, and C B = n. 

On AB ossl diameter describe a semi-circumference. 

At C erect the ± H. 

CHiaa, mean proportional between m and n, 

Bt&w HB and HA. 

The ZAffBiasiTt.Z, § 204 

(heing inscribed in a semicircle), 

and ffC is a ± let fall from the vertex of a it. -^ to the 

hypotenuse. 

.\AC : Off :: CR : CB, §289 

{the X let fall from the vertex ofthert, Z to the hypotenuse is a mean pro- 
portional between the segments of the hypoteniLse). 

Substitute for A C and C B their equals m and n. 

Then m : CB : : C II : n. ^ ^ p 



. 307. Corollary. If from a point in the circumference a 
perpendicidar be drawn to the diameter, and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
m>ean proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

808. To divide one Me of a triangle into two fiarti 
proportional to the other two sides. 




B E 
Let ABC be the triangle. 

It is required to divide the side B C into two suck parts that 
the ratio of these ttoo parts shall equal the ratio of the other tvjo 
sides J A C and A B, 

Produce OA\xiF^ making A F =^ A B, 
Draw FB, 
From A draw A E W io FB. 

E is the division point required. 

For £^_ = ^. § 275 

AF EB * 

{a line draton through two sides of a AW to the third side divides those sides 
proportionally). 

Substitute for A F its equal A B. 

Then ^ = ^. 

AB EB 

Q. E. F. 

309. Corollary. The line A E bisects the angle CAB. 
For 



ZF^^ZABF, 

{being opposite equal sides). 


§ 112* 


ZF=Z CAE, 

(being ext.-int, A ). 


§ 70 
* • 


ZABF=^ZBAE, 

(being alt. -int. A), ' ' 


§68 


\ZCAE = ZBAE, 


Ax. 1 


jtraight line is said to be divided in 


extreme 



and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXYII. Problem. 
811. To divide a given line in extreme and mean ratio. 



■/w^;.^^^^=M 




Let AB ie the given line. 

It is required to divide A B in extreme and mean ratio. 

At B erect a 1. B C, equal to one-half of A B. 

From (7 as a centre, ?witli a radius equal to G B, describe a O. 

Since AB ia 1. to the radius OB B,t its extremity, it is 
tangent to the circle. 

Through C draw A 2), meeting the circumference in JE and Z>. 
On ABtsike A ff^AE, 

H is the division point oi AB required. 
» 

For AD : AB i\ AB \ AEy J 292 

(if from u poirU without the circumference a secarU and a tangent he e^^-ocrcMi, 
the tangent is a mean proportional between the whole secant and th^. ^»cLrt 
without the circumference). 

Then AD-AB.AB.xAB-AEiAE. §265 
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Since AB=2CB, Cons. 

and ED-=-2X)B, 

{the diameter ofaO being tvrice the radiui), 

AB = ED. Ax. 1 

.'.AD-AB = AD-ED-=-AE. 

But AE = AH, Cons. 

.\AD- AB^AH. Ax. 1 

Also AB — AE^AB-'AH^HB. 

Substitute these equivalents in the last proportion. 

Then AH \ AB w HB : A H, 

Whence, by inversion, AB \ AH \, AH \ HB. § 263 

.\ AB\& divided at i?" in extreme and mean ratio. 

Q. E. F. 

Eemark. ^^ is said to be divided at J7, internally, in 
extreme and mean ratio. If ^-4 be produced to H', making 
A H' equal fto AD, AB ia said to be divided at H, externally, 
in extreme and mean ratio. 



T : H'B. y; \ /// ' 
e^oiei 



Prove AB : AH' :: AH' 

"When a line is divided internally and e/temally in the 
same ratio, it is said to be divided harmonically, 

■ Thus J B i ^-^+ - is divided harmoni- 
cally at C and Z>, if (7^ : (75 : : 2)^ : i)^; that is, if the ratio 
of the distances of C from A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AC :AD::BC:BD; that is, CD is divided harmoni- 
cally at the points B and A. The four points A, B, C, D, are 
called harmonic points ; and the two pairs A, B, and C, D, are 
called conjugate points, 

.^_.- -, ■■- -^ ■ •• ■' 

Ex. 1. ,/To divide a given line harmonically in a given ratio. 
2. To £nd the locus of all the points whose distances from 
two given points are in a given ratio. ;» 



172 



GEOMETRY. BOOK HI. 



Proposition XXVIII. Problem. 

312. Upon a ffiven line homologous to a given Me of a 
given polygon, to construct a polygon similar to the given 
polygon. 





B C ^ 

Let A' W he the given line, homologous to AE of the 
given polygon ABODE, 

It is required to construct on A' E' a polygon similar to ik 
given polygon. 

From E draw the diagonals EB and EC. 

From E' draw E' B', making Z A'EB' = ZAEB. 

Also from A' draw A' B', making A B' A' E' ^ A BAE, 

and meeting. J5^'^' at ^'. 

The two A ^ ^ ^ and A' B' E' are similar, § 280 

{pioo ^ are similar if they have two A of the one equal respectively tottood 
of the other). 

Also from E' draw E' (7',making A B' E C ^ Z, BEG, 

From B' draw B' CVmaking A E' B' C ^ A EBG, 

and meeting E' C at 0*. 

Then the two A E BO and E' B' 0' are similar, § 280 
(pwo ^ are similar if they have two A of the one eqval respectively to two A 
of the other). 

In like manner construct A E' 0' B' Similar io A EG B. 

Then the two polygons are similar, § 293 

ipu)0 polygons composed of the same number of A similar to each oi$Ler aid 
similarly placed^ are similar). 

.'. A' B' C Jy W is the required polygon. 

Q. E. F. 
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Exercises. 

1. ABC is a, triangle inscribed in a circle, and B D is drawn 
to meet the tangent to the circle at A in B, at an angle A B D 
equal to the angle ABC; show that A ia sl fourth propor- 
tional to the lines BD,AJ)yAB. 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal sideg 

3. ^ ^ is the diameter of a circle, £> any point in the circum- 
ference, and C the middle point of the arc AD. li AC, A 2), 
£0 he joined and A B cut' BC in E, show that the circle cir- 
cumscribed about the triangle AEB will touch A C and its 
diameter will be a third proportional to B C and A B, 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself i '^ ^\ ', \ ^' 

6. A line touching two circles cut's another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles.-r' '' ' ' ' 

7. Eequired the locus of the middle pointy of ^11 the chords 
of a circle which pass through a fixed point. c •'* 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line a.t P ; in F a, point Q is taken 
such that ^ is to P in a fixed ratio. Determine the locus 
oiQ. 2^ '' 

9. Is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that O^isto OF ina fixed ratio. Determine 
the locus of Q, 
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COMPARISON AND MEASUEEMENT OF THE SUR- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases. 



D 






C D 



Let the two rectangles be AC and A F, having the 
the same altitude A D, 

jjr. , rect. AC AB 

We are to prove -— = — - . 

^ rect. AF AE 

Case I. — When A B and A E are commertsurdble. 
Find a commou divisor of the bases A B and AE^asAO. 
Suppose ^ to be contained in ^ ^ seven times and in 



A E four times. 
Then 



AB ^l 
AE 4' 

At the several points of division on ^ .5 and A E erect Ja . 
The rect. A C will be divided into seven rectangles, 
and rect. A F will be divided into four rectangles. 

These rectangles are all equal, for they may be applied to 
each other and wiU coincide throughout. 

. rect ^(7 _ 7 
rect A F " 4* 
AB _1 
AE'^ T 
. rect AC __ A B 
sect A F '~ TE^ 



But 
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Case IL — WTien A B and A E art inoommenswrcLble. 







D 



K '^ 

Divide A B into any number of equal parts, and apply one 
of these parts to ^ -^ as often as it will be contained in A K 

Since A B and ^ jE^ are incommensurable, a certain number 
of these parts will extend from -4 to a point K, leaving a re- 
mainder KE less than one of these parts. 
DtqwKHMoEF. 
Since A B and ii ^ are commensurable, 
rect. AH AK 
'"AB' 



— . _ , Case 1 

rect. A C 

Suppose the number of parts into which ^ ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E. 

The limit oi AK will be A E, and the limit of rect. A H 
will be rect. A F, 



the limit of 



AK 
AB 



will be 



AE 



and the limit of ^^^^lA^ will be ^^^- ^ ^ 



rect. A C 



rect. A G 



199 



Now the variables and '- are alwavs equal 

A B rect. AC ^ ^ 

however near they approach their limits ; 

T»o/*t A W A JP 

.•. their limits are equal, namely, '- = — t . 

^ ' ^' rect. ^C' AB' 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will be -4 ^ and 
A E, But we have just shown that these two rectangles are to 
each other as ^ .B is to -4 ^. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Proposition III. Theorem. 

319. The area of a rectangle is equal to the product 
of its base and altitude. 




U 



h 1 

Let R be the rectangle, h the base, and a the alti 
tude ; and let U be a square whose side is the 
linear unit. 

We are to prove' the area of B = a X b, 

R __ aXb 
U" IXl' 
(ttvo rectangles are to each other as the product of their bases and altitudes). 



315 



But _ is the area of B, 

.*. the area of -ff = a X 6. 



§ 316 



Q. E. D. 



320. Scholium. When the base and altitude are exactly- 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 






measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each eqvial to the unit of measure; and the area of 
the figure equals 7X4. 
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Proposition IY. Theorem. 

321. The area of a ^parallelogram is equal to the product 
of its base and altitude, 

BE C F B C E F 




A 

Let A EFD be a parallelogram, A D its base, and CD 
its altitude. 

We are to prove the ar^a of the OA EFD = ADXCD, 

From A draw AB II to 2) (7 to meet FE produced. 

Then the figure ABC D will be a rectangle, with the same 
base and altitude as the O AEFD. 

InthQitAABE and CD F, 

AB=CD, §126 

(being opposite sides of a rectangle), 

and AE = DF, §134 

(being opposite sides ofaCJ); 

.\AABE = ACDF, §109 

(tvyo rt, A are eqtcaly when the hypotenvse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away the A CDF and we have left the rect. ABC D, 

Take away the A ABE and we have left the O A EFD. 

.\T%ct. ABC D==n AEFD, Ax. 3 

But the area of the rect. A BCD = ADXC D, § 319 
{the area of a rectangle equals the prodiuA of its base and altitude). 

.'. the area of the O A EFD = A D X C D. Ax. I 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. . 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle is equal to one-half of ih 
product of its base by its altitude. 



A . B'D 

Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area oftheAA^C = ^ABX CD. 
Yrom C drsiw CH W to AB, 
rrom A draw A H H to B C, 

The figure ABCHh&d. parallelogram, § 136 

{having its opposite sides parallel), 

and ^ Cis its diagonal. 

.'.AABC = AAHC, § 133 

(t?ie diagonaJ, ofaCJ divides it into two equal ^ ). 

The area of the EJ A B C ff ia equal to the product of its 
base by its altitude. § 321 

.'. the area of one-half the O, or the A A B G^ is equal to 
one-half the product of its base by its altitude, 

or, iAJBXCJD. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes ; triangles having equal altitudes are* to each 
other as their bases ; any two triangles are to each other as the 

"oduct of their bases by their altitudes. 
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Proposition VI. Theorem. 

327. Tie afea of a trapezoid is equal to one-half 
sum of tAe parallel sides multiplied hy the altitude, 
H E C 




A F B 

Let ABC H be a trapezoid, and EF the altitude. 

We are to prove area ofABGH^\ (EC + A B) E F. 

Draw the diagonal A C, 

Then the area of the A A HC ^^HOX E F, § 324 

{(he area of a A is eqiuil to om-half of the product of Us hose by its altitude), 

and the area oithe A A BC = ^ A B X EF, § 324 
.\AAHC+ AABG, 
or, area of ABC H=^ {HC+A B) EF, 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied hy the altitude ; for the line P, joining the 
middle points of the non-parallel sides, is equal to i (HO 
+ it5). Vl42 

.-.by substituting F for ^(ffC -\- A B\ we have, 
the area of ABGH= OP X E F, 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 

^ the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures whicji are right 
triangles, rectangles, or trapezoids j and the areas of each of these 
figures may be readily found. 
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Proposition VIL THEORiaf. 

330. The area of a circmmcrihed polygon is equal to one- 

half the product of the perimeter hy the radim of the i»- 

scribed circle, 

B 




Let ABSQ, etc., be a circumscribed polygon, and C 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by F, and the-iatdiua 
of the inscribed circle by jR. 

We are to prove 

ihe area of the circumscribed polygon = ^ P X E, 

Draw CA, G,B, OS, etc. ; 

also draw GO, CD, etc., JL\xyAB,BS, etc. 

TheareaoftheA C^^ = J^^X CO, §324 

{fhe arm of a t^ is equal to one-half the prodTict of its base and altitude), 

Theareaof the A a5/S'= J^/S'X CD, § 324 

.*. the area of the sum of all the A CAB, CBS, etc., 
= ^{AB + BS, etc.) CO, § 187 

(for COf CD, etc., are eqtuil, being radii of the same O). 

Substitute for ^ ^ + ^aS' + aS'^, etc., P, and for C O, E ; 

then the area of the circumscribed polygon =7 J P X R. 

Q. E. D. 
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Proposition VIIL Theorem. 

831. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hy;potenuse. C ■ 








Let ABG be a right triangle with it^ right angle at C. 

We are to prove AO^ + (T^ = AB^ 

Draw GO±toAB. 

Then Jlf = AOXAB, § 289 

(tJie sqi^re on a side of art A is equal to the product of the hypotenuse by 
the adjacenU segToent made by the _L let fall from the vertex of the rt. Z ) ; 



and ED^ = BOXAB, 

By adding, AC" + ETf=^ {AO + BO)AB, 
= ABXAB, 



332. Corollary. The side and diagonal 
of a square are incommensurable. 

Let ABGD be a square, and AC the 
diagonal. 

Then A^ + S^ = A^. 

or, 2 AB" = AG^. 

Divide both sides of the equation by AJff^, 



§ 289 



Q. E. D. 




AB 



= 2. 



Extract the square root of both sides the equation, 
then 4-£ = i/T ti ' ' '' ' 



AG r- 

AB-'J^' 



7' 



. Since the square root ^ of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two ineommensutable lines. 
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Another Demonstration. 

333. TAe square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




D L E 

Let ABC be a light A, having the right angle BAC. 

We are to prove EC^ = Bl^ + Xcl 
OnBC,CAyAB construct the squares B E, CH, A F. 
Through A draw ALWioGE. 
Draw A D and FG. 
ZBAGi8a,Tt.Z, 
and Z B A G ia 8i it. Z, 

,', G AG 13 Si straight line. 
Also Z G All iQ B. rt. Z, 

.*. B A H is a straight line. 



Hyp. 
Cons. 

Cons. 



N.OW 



Z DBG = ZFBA, 

(each being art. Z). 



Cons. 
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§ 106 



Add to each the Z ABC; 
then ZABD^ZFBC, 

.\AABI> = AFBC. 
Now CJ BLia double A ABB, 

(Jbeing on the same hose B D, and betiveen the same \\s, A L and B D), 

and square ^ ^ is double A FBC, 
(being on the saTtve base FB, and betioeen the same \\s, FB and 0) ; 

.-. O BL = square A F, 
In like manner, by joining A E and BK, it may be proved 



that 



Now the square on BC^^CJBL + CJCL, 

= square A F -\- square C J7, 

.-. FTf = BT + ATf. 



Q. E. D. 



On Projection. 
334. Dep. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point C 
upon the liaie ui J? is the point P, 

C C 




Pig. 2. 



The Projection of a Finite Straight Line, os C B (Fig. 1), 
upon a straight line of indefinite length, as A B, is the part of 
the line A B intercepted between the perpendiculars C P and 
I> R, let fall from the extremities of the line C D, 

Thus the projection of the line C D upon the line A B \a 
the Hne P R. 

If one extremity of the line CD (Fig. 2) be in the line 
A B, the projection of the line C D upon the line A B ia the 
part of the line A B between the point D and the foot of the 
perpendicular C P ; that is, D P, 
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5 ] 

Proposition IX. Theorem. 

335. In any triangle y the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished hy twice the product of one of those 
sides and the projection of the other upon that side. 

A ^ 




Let C he an acute angle of the triangle ABC, and 
D C the projection of AC upon B C. 

We are to prove I^ = F^ + AjD^ — 2BCXDa 
If D fall upon the base (Fig. 1), 

BB^BC-DC; 
If I> fall upon the base produced (Fig. 2), 

D^-=DC-BO. 

In eitheJ'case n^"" = 'Wlf + Dlf -2B0XD0. 
Add AD io both sides of the equality ; 

then, n? 4- iT^ =-mf + n? + BTT -^BCXDC. 
But nf + iT^^-r^, §331 

(the sum of the sqvAires on two sides of a rt A is equivaleTit to the square 
on the hypotenuse) ; 

and ID' + 1T^^AV\ §331 

Substitute JTB and JTG for their equivalents in the aboTe 
equality ; 

th en, AB" = 2rc' + /^-2^C7X2)(7. 

Q. E. D. 
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Proposition X. Theorem, 

336. In any obtuse triangle, the square on the aide 
opposite the obtuse angle is equivalent to the sum of the 
squares of the other two sides increased by twice the product 
of one of those sides and the projection of the other on that 
side, 

A 




Let he the obtuse angle of the tzisLngle ABC, and 
CD be the projection of AC upon BC produced. 

We are to prove JT^ = BC' + Jlf + 2BCXDC. 

DB==BC + DC. 

Squaring, iSTB* = BG^ + Dlf + 2BCX DC. 

Add JTD^ to both sides of the equality ; 

then, jTd' + D:^ = £nf + U)" + inf + 2BCXDC. 

But JTD^ + irff = Ib", § 331 

{the mm of the aquares on two sides of a rt, t^is equivaJerU to the square 
on the hyjxkeniLse) ; 

and nf + Bt" = r&. § 331 

Substitute JTS^ and Xlf for their equivalents in the 
above equality; 

then, rff = 5^ + r^ ^-^BCXDC. 

Q. E. D. 

337. Definition. A Medial line of a triangle -is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 



338. In any triangle, if a medial line he drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square on half the base, increased by twice the 
square on the medial line ; 

IT. The difference of the squares on the two sides is 
equivalent t^o twice the product (f the base by the projection 
(f the medial line upon the base. 




In the triangle ABC let AM he the medial line and 
M D the projection of A M upon the base B C, 
Also let AB be greater than A C. 

We are to prove 

I. n^ + nf = 2 BiP 4- 2 m^. 

II. I^'-AC^-=2BCXMD, 
Since A B > A C, the A AMB will be obtuse and the 
A A if (7 will be acute. § us 

Then ir^=^Elt -^ m^-^'lBMy.MB, §336 

(tw any obtuse A the square on the side opposite the obtuse Z is equivalent to 
the sum of the sqtiares on the other two sides increased by twice the 
product of one of those sides and the projection of the other on that side) ; 

and Ilf = ]SrC'^-^Alt'-2MCXMD, §335 

(m any A the square on the side opposite an acute Z is equivalent to the suin 
of the squares on the oth^r two sides, diminished by tvjice the product 
of one of those sides and the projection of the other upon tfuxt side). 

Add these two equalities, and observe that B M= MC. 
Then rff + XC* = 2 SH'^ + 2 AH^. 
Subtract the second equality from the first. 
Then JT^ - A(f = 2 ^(7 X MD. 

Q. E. D. 
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Proposition XII. Theorem. 
339. The mm of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals. 




In the qnadiilateral A B C D, let the diagonals be AC 
and B D, and F E the line joining the middle 
points of the diagonals. 
We are to prove 

Aff-\'Blf+ Clf+ BA^ = AC^^Bl?+iSn^ 
Dmw B B SLud I) B. 

Now J^ -^^0^ = 2 (— )' + 2 Fl^, § 338 

(the sum of the squares on the two sides of a A is equivalent to turice the square 
oil half the base increa^d by twice the square on the medial line to the base), 

and CTf + DA^ = 2 O^—Y + 2JTB^. § 338 

Adding these two equalities, 
IB^ '\-F(f-\'ClP-\' ITT = 4 (^^^ + 2 (BH^ + 1Tb\ 

But ' BB" + Ije'==2 (—Y + 2BF\ § 338 

(tJie sum of the sqiiares on the two side3 of a A is equivalent to tunce the square 
on half the base increased by tunce the square on the medial line to the base). 

Substitute in the above equality for (B B^ + JDB^) its 
equivalent ; 

= 10^ + BB^ + 4 i^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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Pboposition XIII. Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the products of the 
sides including the equal angles. 




Let the triangles ABC and ADE have the common 
angle A, 



We are to prove 
Biaw BK 

Now 



A ABC 
A ADE 



AABC 



ABXAC 
ADXAE* } 



AC 
AE' 



AABE 

(A having the same aUiiude are to each other as their bases). 

AABE 



Also 



AB 
AD' 



AADE 
(A Jtaving the same altitude are to each other as their bases). 

Multiply these equalities ; 

AABC _ ABX AC 



§326 



§326 



then 



AADE ADXAE 



Q. E. D. 
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Proposition XFV. Theobem. 
342. Similar triangles are to each other as the squares 
on their homologous sides. 



Let the two triangles be AO B and A'C'B'. 

^ , AACB A& 

Weare to prove __^_ = ^, 

Draw the perpendiculars C and C" (y. 
Then ^-^^-^ = _^_^2L^^. == A^ X J^, 5 326 
{two ^ are to each other as the products of their bofies by their altitudes). 

But :^ ^ = -^-^ , € 297 

A(B' CO ' 

{the homologous aUitudes of similar A have the same ratio as their homolo^ 

gous bases), 

CO A R 

SulDstitute, in the above equality, for its equal — : 

then . ,.^.^. = -rr^. X -TT-^ = -z=i' 

Q. E. D. 



AAGB 


AB AB 


Ci^A'CB' 


~ A'B' ^ A'B' 
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Proposition XV. Theorem. 

343. Two similar polygons are to each other as the 
squares on any two homologous sides, 
B C 





F E 

Let the two similar polygons be ABC, etc, and 
A'BOy etc. 

T,r ' ABC, etc. JT^ 

We are to prove -1 = . 

A'B'C',Qt(i, £-^ 
From the homologous vertices A and A' draw diagonals. 

mw ^ = ^ = :^,etc.. 

A'B' B'C CD' 

(similar polygons have their homologous sides proportumctl}; 

.V . r^ Bif (TD^ , 

.'. by squanng, = — — == — — -, etc. 

^frg/2 ^gT^T/i fjrjp 

The A ABC, A CD, etc., are respectively similar to A'B'C\ 

A' CD', etc., §294 

{two similar polygons are composed oftlve same number of k, similar to each 
other and similarly placed). 

. AABC ^^ 5 342 

A A' B'C JTB^ 
(similar k are to each other as the squares on their homologous sides), 

and AA^^ = ^. §342 
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But 



CT? 


n? 


C'b'' 


~- F^' 


A ABC 


AACD 


AA'B'V 


A A' CD' 



In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABG AACD AADE AAEF 



I^A'B'C AA'C'Jy t^A'D'Ef t^A'E'F" 

. ^ABC-^- AGD^ ADE-^ AEF _ AABC 

' ' ^A'B' C -H A' CD' + A'D'E' + A'E'F~ AA'B' C ' 

{in a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its consequent). 

But .^Aio^r^ 5 3,2 

(^similar ^ are to ea/ih other a^s the squares on their homologous sides) ; 

. the polygon ABC, etc. JTff 

the polygon A' B' C\ etc. "~ ATB'^ ' 

Q. E. D. 

344. CoROLLAHY 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. CoR. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and S' represent the areas of the two similar polygons 
A.B Oy etc., and A' B' C, etc., respectively. 

Then S \ S' \ \ AB^ : JTB^, 

{siTnilar polygons are to each other as the squares of their hoivwlogous sides), 

^ : )/F :: AB : A' B\ § 268 

or, AB : A' B' : : )/S : ^. 
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On Consteuctions. 

Proposition XVL Peoblem. 

346. To construct a square equivalent to the sum of two 
given squares. 







Ri 


R 









Let R and R* be two given squares. 
It is required to construct a square =^ R+ R'. 
Construct the rt. Z A, 

Take A B equal to a side of R, 

and A C equal to a side of R. 

Draw B (7. 

Then B C will be a side of the square required. 

For TC^^TW' + ZO^ § 331 

{Oie square on the hypotenuse of a rt. A w equivalent to the sum of th 
squares on the two sides). 

Construct the square Sy having each of its sides equal 
to BC. 

Substitute foi BC^, £^ and Z^, S, R, and E' re- 
spectively ; 

then ^ = ^ 4- ^/^ 

•'• S is the square required. 

Q.E. F. 



CONSTEUCTIONS. 
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Proposition XVII Problem. 

847. To construct a square equivalent to the difference 
of two given squares. 




\ 



\ 



./ 



9^-.X 



S 



, Let R be the smaUer square and R* the larger. 
It is rehired to construct a square = JR' — R* 
Construct the rt. Z ^. 

Take A B equal to a side of R. 

From j5 as a centre, with a radius equal to a side of Rf^ 

describe an arc cutting the line J. X at C, 

Then A C will be a side of the square required. 

For drawee 

r^-^-JT^^BTf, 5 331 

ipu sum of the squares on the two sides of art. A is equivalent to the square 
on the hypotenuse). 

By transposing, AC^ = B& — JTB^. 

Construct the square S, having each of its sides equal to A C, 

Substitute for J^^^ F?^ and A^, S, R', and R re- 
spectively ; 

then S=R' — R. 

.*. >S' is the square required. 

Q. E. F. 
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Proposition XVIII. Problem. 

348. To construct a square equivalent to the sum of anj 
number of given squares. 

H 

A 

\ 

'\ \ 



F/" \ 



:-=- / w\ 

„ ef-^^ \ \ \ 

m A'^ J:i^-*i^S 

*- 

Let w, n. Of py r be sides of the given squares. 
It is required to construct a square = m* + »* + o' + jo* + r*. 
Take AB=m. 

Draw AG = n and JL to A B ai A. 
Draw B C. 
Draw CU= o a,nd L to BCsLiCy and draw BK 
Draw I!F = psind ±to BE a,t By and draw BF. 
Draw FH = r and ± to 5^ at F, and draw B H. 
The square constructed on B II is the square required. 

For bW = FlP + KF^y 

= /T7^ + El^ + E^y 

= FTP + FTF^ + Frc'+ U"^, 

= F'H'^ + ET -^FC^^ (TT + Ity^m 

{the sum of the squares on tvw sides of a rt. A is equivalent to the square 
on the hypotenuse). 

Substitute for AB, A, ECy E Fy and FH, m, n, o, ;>, 
and r respectively ; 

then ffB^ = m^ + n^ +o» + p^ + r^. 

Q. E. F. 
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Proposition XTX. Problem. 

349. To construct a poli/gon similar to two given similaf 
polygons and equivalent to their sum. ^ 




^^ A /a^ 



a^tru 



\i ^.-<; 



Let R and R* be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon equivalent to 
B+ R'. 

Construct the rt. Z P. 

Take PH=^A'B'y and FO = AB. 

Draw IL 

TokQA^B'^OH. 

Upon A" B'^, homologous to A B, construct the polygon i?" 
similar to R. 

Then R" is the polygon required. 

For R : R :: A^ : JT^, § 343 

{sirmlar polygons are to each other as the squares on their homologous sides). 

Also 72" : R' :: A^HS^ \ A!~B^. § 343 

In the first proportion, by composition, 

R' + R I R' :: A^^ + ST^ : A!^, § 2^4 

SD' : Fir. 



But 



R" : R' 



A^, 



: Elf : PH\ 



\R' : R' :: R + R : R^ ; 



/\ 



R" = R-b R. 



"t 



K- 



Q. E. F. 
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Proposition XX. Problem. 

850. To construct a polygon similar to two given similar 
polygons and equivalent to their difference. 




_^_^^^ / 

A^ ^ B A B Aff Bif 

Let R and R' be two similar polygons, and AB and 

A' B' two homologous sides. 

It is required to construct a similar polygon which shaU 
be equivalent to R' — R, 

Construct the rt. Z P, 

and take PO = ^.B. 

From as a centre, with a radius equal to A' By 

describe an arc cutting P X bX H. 

Draw H, 

TQkQA"B" = Pn. 

On A" B"y homologous to A B, construct the polygon B!' 
similar to R, 

Then R" is the polygon required. 

For B : R :: JJlB^ : X2^, § 343 

(similar polygons are to each other as the squares on their homologous sides). 



£^. 



Also R" : R :i A" B"' 

In the first proportion, by division, 

R'-R : R :: A^ - jT^ : IB^, 

: Hn^ : £^, 

R : :M'-R : R; 
R" = R' - R. 



But 



R" : R 



R" 



J 343 
§ 265 



a c. F. 



JL 
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Proposition XXI. Fbobleh. 

351. To construct a triangle equivalent to a given 
polygon. C D 




I A E F 

Let ABC DEE be the given polygon. 

It is required to coTistruct a triangle equivalent to the given 
polygon. 

From D draw D E, and from H draw HF II to 2> E. 

Produce AEto meet HF at F, and draw D F. 

The polygon ABC D F has one side less than the polygon 
ABO D H E, but the two are equivalent. 

For the part A BODE is common, 

and the A BE F= A D EH, ioT the base Z> ^ is common, 
and their vertices i^and H are in the line FII II to the base, § 325 
,(i^ having the same hose and equal altitudes are equivalent). 

>4^in,' draw OF, and draw B K II to OF to meet AF 
produced at K. 

Dtslw ex. 

The polygon AB C K has one side less than the polygon 
ABQD Fy but the two are equivalent. 

For the part A BO F is common, 

and the A OFK = A OFD, for the base F is common, 
and their vertices K and J) are in the line KD^ II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A OIK. 

Q. E. F. 
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Proposition XXII. Problem, 

352. To construct a square which shall have a ffiven 
ratio to a giveri square. 




m- 

n- 



/ 



\\ 



.\^ 



Let R be the given square, and - the given ratio. 

m 

It is required to construct a square which shall be to R as 

n is to m. 

On a straight line take AB ^ m, and BC = n. 

On AC 3,8 a diameter, describe a semicircle. 

At B erect the J, B S, and draw SA and SC, 

Then the A ^ aS'C is a rt. A with the rt Z at aS', § 204 
{being ifiscrihed in a semicircle.) 

On S A, or S A produced, take SE equal to a side of R. 

J)i3w EFW to AC. 

Then S F is o, side of the square required. 

For 4^ = ^, §289 

g^ BC 

{the squares on the sides of a rt. A have the same ratio as the segments of the 
hypotenuse made by the ± let fall from the vertex of the rt. Z). 

Also ^ = 1^, §275 

SC SF ^ 

CfTstraight line drawn through two sides of a A, parallel to the third side, 
divides those sides proportionally). 

Square the last equality ; 



then 



EG'' SF' 



Substitute, in the first equality, for its equal . ; 



then 



SE^ 

S~F^ 



AB 
BC 



SC' 

m 
— > 
n 



j^r 



that is, the square having a side equal to SFwill have the 
same ratio to the square R, bs n has to m. 

Q. E. F. 
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Pboposition XXIIL Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 





Let R be the given polygon and - the given ratio. 

m 

It IS required to construct a polygon similar to R, which 
shall betoRasnistom. 

Find a line, A'R^, such that the square constructed upon it 
shall be to the square constructed upon ^^asnistom. §352 

Upon A'B' aa a, side homologous to A B, constraet the 
polygon JS similar to R. 

Then S is the polygon required. 

1 = ^' §S43 

(similar polyffms are to each other as the sqimres on their homologous sides). 

But ~'^- = - ; Cons. 

AB^ ^ 

••.— = _, or, S : R : : n : tn, 
R m 

Q.E. F. 
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Proposition XXIV. Probleil 

354. To consfrttet a square equivalent to a given j^ral- 
lelogram, 

B c r 




A h D 

Let ABCD be a parsdlelogiam, h ^ts base, and a its 
altitude. 

It is required to cofistruct a square = EJ ABC D. 

Upon the line MX take MN = a, and N 0=^h. 

Upon if as a diameter, describe a semicircle. 

AtiV^erectiV'P±toifO. 

Then the square 7?, constructed upon a line eqnal to NP, 
is equivalent Xo ihQ O A B G D. 

For MN : NF :: NP : NO, § 307 

(a ± let fall frmn any point of a circwmfertnM to the diameter is a man 
proportional between the segment of the diameter), 

.-. nP = MN XNO = aXb, § 259 

(tTie product of the means is equal to the product of the extremes). 

a E. F. 

355. Corollary 1. A square may be constracted equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 



OONSTBUCnOITB. 



J 



Proposition XXV. Problem. 

357. To construct a parallelogram equivalent to a given 
gquarcy and having the sum of its base and altitude equal to 
a given line* 



R 



M 



f 




Let R be the given square, and let the sum of the 
base and altitude of the required parallelogram 
be egizai to the given line MN. 

It is required to construe a CJ = B, and having the sum 
of its base and altitude = M N, 

Upon MN dA2k diameter, describe a semicircle. 
At M erect ^A^MPy equal to a side of the given square B. 
Draw FQ W to MN, cutting the circumference at S, 
T>tB.wSG JLioMN. 
Any O having CM for its altitude and ON for its base, 
is equivalent to R. 

For /S'aisll toPJf, §65 

(pwo straight lines ± to the saine straight line are II ). 

.\SC = PM, 

(\\s comprehended between \\s are equal), 

.'. S7f = JTM^ = R. 

But MG : SO :: SO : OJSr, §307 

{a X let fall from any point in a drcumferenee to the diameter is a mean 
proportioTial between the segments of the diameter). 

Then ^Sl? = MGX G N, § 259 

{the product of the meana is equal to the product of (he exlrerma). 



§135 



Y: 






/ 
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Proposition XXVL Problem. 

359. To construct a parallelogram equivalent to a given 
square, and having the difference of its base and altitude 
equal to a given line, 
S 




/ 



W 



/ 



Let R he the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line M N. 

It is required to construct a CJ = B^ toith the difference 
of the hose and altitude = M N, 

Upon the given line if iV' as a diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square R, 

Through the centre of the O, draw SB intersecting the 
circumference at G and B, 

Then any O, as R', having SB for its base and SO for 
its altitude, is equivalent to R, 

Fop SB : SM :: SM : so, . § 292 

(if from a point vriihout a O, a secant and a tangent he dravnij the tangent is 
a mean proportional between the whole secant and the part without the 0). 

Then SM'^ ==SBXSC; § 259 

, and the difference between SB and SCis the diameter 
of the O, that is, MJ}^. 
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Proposition XXVII. Problem. 
860. Given x = ^, to construct x. 




Let m represent the unit of leng^th. 

It is required to find a line which shall represent the square 
root of 2. 

On the mdefinite line A B, take A C = m, and CD = 2m. 

On J. jD as a diameter describe a semi-circumference. 

At C erect a J_ to -4 ^, intersecting the circumference at JE, 

Then C E is the line required. 

For AG : CE :x CE X CD, § 307 

{the ± let fall from any 'poind in the drcfumference to the diameter, is a mean 
proportional between the segments of the diameter) ; 

.\aT=-ACXOD, §259 



.\CE=\/AGX CD, 

= v^rx~2 = v^. 



Q. E. F. 



Ex. 1. Given a: = v^, y = y^, 2 = 2^^; to construct x, y, 
and z. 

2. Given 2 : a? : : a? : 3 ; to construct x, ^, 

3. Construct a square equivalent to a given hexagon. 
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Proposition XXVIII. Problem. 

361. To construct a polygon similar to a given polygon 
F, and equivalent to a given polygon Q. 





At --- • 

< i 

! I 

I 



tni- 



m A B 



Let P and Q be two given polygons, and AB a side 
of polygon P. 

It w required to cojistruct a polygon similar to P and equiva- 
lent to Q, 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to m, n, and AB. § 304 

Let this fourth proportional be A' B', 

Upon A' B', homologous to A B, construct the polygon P 
similar to the given polygon P, 

Then P* is the polygon required. 
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For 


m AB 
n A' Bf 


Cons. 


Squaring, 


w« Al^ 




But 


P^m\ 


Cons. 


and 




Cons. 


But 


p r^ 


§343 




to eack other as the squares on 


their homologous sides) ; 



.•.^ = ^; Ax.1 

Q F' 

.•. P' is equivalent to ©, and is similar to P by construction. 

Q. E. F. 



Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 8, and 5. ^ ^' 

2. Construct a square equivalent to the diiference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram, vi) y '^ , 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

6. Given a hexagon ; to construct a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 

6. .Construct a pentagon similar to a given pentagon and 

equivalent to a given trapezoid. 
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Proposition XXIX. Problem. 

862. To construct a polygon similar to a given, poly gm^ 
and having two and a half times its area. 




M 




N 



B "^ C O 

Let P he the given polygon, 

. It is required to construct a polygon similar to P, and 
equivalent to 2J P. 

Let -4 ^ be a side of the given polygon P, 
Then sjl : sm : : AB x », 

or \/2 ". ^ :: AB : X, § 345 

{(he homologous sides of similar polygons are to each other as the square roots 
of their areas). 

Take any convenient unit of length, as if C, and apply it 
six times to the indefinite line M N, 

On M (=== 3 M C) describe a semi-circumference ; 
and on -^fiV (= 6 if (7) describe a semi-circumference. 
At G erect a ± to if iV^, intersecting the semi-circumfer- 
ences at D and JI. 

Then G D 18 the >/% and Gffis the \/5. § 360 

Draw G Y, making any convenient Z with G H, 
OiiGTtakeGI! = AB. 
From D draw D E, 
and from H draw HYWtoDE. 
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Then G Y will equal x, and be a side of the polygon re- 
quired, homologous to A B. 

For CD : CH :-. CE : 07, § 275 

{a line dravm through two sides of a A, li to the third side, divides the two 
sides proportionally). 

Substitute their equivdents for CD, C H, and C E ; 
then )/2 : )/5 :: AB : CY, 

On CYy homologous to AB, construct a polygon similar 
to the given polygon F; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45' ; what is 
its length between the parallels ] •' ; , / l 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. ^ ' i , 

3. Given the angle ^ of a triangle equal to § of a right 
angle, the angle B equal to J^ of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. J 

4. The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3; what 
is the other segment of the latter chord 1 ' , ' . , 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. >"; , (^ /J > «: ^ ' ' • • • ^ 

7. Given the difference between the diagonal and side of a 
square; construct the square. , 



BOOK V. 

REGULAR POLYGONS AND CIRCLES. 

363. Dep. a Regular Polygcm is a polygon which is 
equilateral and equiant^ular. 

Proposition L Theorem. 

364. Every equilateral polygon inscribed in a circle 19 a 

regular polygon. 

C 




Let ABCy etc, be an equilateral polygon insciihed 
in a circle. 

We are to prove the polygon ABC, etc., regular. 

The arcs AB, BC,C D, etc., are equal, § 182 

(in the same O, equal chords subtend equal arcs), 

.'. arcs ABC, BCD, etc., are equal, Ax. 6 

.*. the A A, B, C, etc., are equal, 
{being inscribed in equal segments). 

.*. the polygon ^jB (7, etc., is a regular polygon, heing 
equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may he circumscribed about a regular 
jpolygon, 

n. A circle may be inscribed in a regular polygon. 



Let ABC Dy etc., be a regular polygon. 
We are to prove that a O may he drcumacrihed ahotU this 
regular polygon^ and also a O may he inscrihed in this regular 
polygon, 

Cas? L — Describe a circumference passing through A, B, and C. 

From the centre 0, draw A, D, 

and draw (? « J_ to chord B C, 

On 8 as an* axis revolve the quadrilateral OABs, 

until it comes into the plane of OsG D. 

The line s B wiU fall upon s Gy 
(f<yr Z.OsB = AOsQy both being rt, A ). 

The point i will fall upon C, § 183 

(siTice sB = sC). 

The line J? ^ will fall upon CD, § 363 

{siTice ZB= ZCy being A of a regular polygon). 

The point A will fall upon D, § 363 

(since B A = CD, being sides of a regular polygon), 

.•. the line OA will coincide with line D, 
(their eoetremities being the same points). 

.*. the circumference will pass through D, 
In like manner we may prove that the circumference, pass- 
ing through vertices B, G, and D will also pass through the 
vertex E, and thus through all the vertices of the polygon in 
succession. 

Case IT. — The sides of the regular polygon, being equal chords of 

the circumscribed O, are equally distant from the centre, § 1 85 

.'.a circle described with the centre and a radius Os 

will touch all the sides, and be inscribed in the polygon. § 174 

a E. D. 
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366. Def. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Def. The Radius of a regular polygon is the radius 
A oi the circumscribed circle. 

368. Def. The Apothem of a regular polygon is the radius 
Os oi the inscribed circle. 

369. Def. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition IIL Theorem. 

370. Each angle at the centre of a regular polygon u 
equal to four right angles divided by the number of sides 
of the polygon. 




Let ABC, etc., be a regular polygon of n sides, 

4rt. A 
We are to prove Z. AG B — • 

Circumscribe a O about the polygon. 

ThQAAOB.BOC, etc., are equal, § 180 

(in tJie same equal arcs subtend equal A at the centre). 

.'.the Z A OB = ^Tt A divided by the number of A about 0, 

But the number of A about == n, the number of sides 
of the polygon. 

.'.ZAOB 

lb 

Q. E. D. 

371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. . 



4rt. ^ 
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Proposition IY. Theorem. 

372. Two regular jool^gona of the same number of sides 
are similar. 





Let Q and Q' be two regular polygons, each having 
n sides. 

We are to prove Q and Q* similar polygons. 

The sum of the interior A of each polygon is equal to 
2 rt. ^ (71 - 2), § 157 

{the sum of the interior A of a polygon is eqtml to 2 rt. A taken as many 
times less 2 a^ the polygon has sides). 

2 rt. ^ f;i— 2) c ,.-« 

Each Z of the polygon Q = ^ ^ , § 158 

(for the A of a regular polygon are all eqical, and hence each Z is equal 
to the sum of the A divided by their number). 

Also, each Z of (?' = 2 rt. A Jn - 2) ^ ^ ^^g 

n 

.*. the two polygons Q and Q^ are mutually equiangular. 

A B 
Moreover, .— = i^ ^ 5 353 

{the sides of a regular polygon are all equal) ; 

and ^' = 1, § 363 

B'C 

. ±B_A^ ^^1 

* * EG B'C' 

.*. the two polygons have their homologous sides proportional ; 

.•. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

373. The homologous sides of similar regular polygons 
have the same ratio as the radii of their circumscribed cir- 
cles, andy also as the radii of their inscribed circles. 





Let and 0' be the centres of the two similar regn- 
lar polygons ABC, etc., and A' B'G'^ etc. 

From and 0' draw E, OB, 0' E', 0' jy, also the 
js Om and Om', 

E and 0^ E' are radii of the circumscribed (D, § 367 

and m and 0^ m' are radii of the inscribed (D. § 368 

ED _ OE _ Om 

O'E' 



We are to prove 



E'D' ^ 0' E " O'm} 

In the A OED and 0' E' D' 

the A OED, ODE, OED' and 0' D' E' are equal, § 371 
if>emg halves of the equal A FED, ED C, F' B D' and E' jy O) ; 

.'. the A OED and 0' E D' are similar, § 280 

{if two A have two A of the one equal respectively to two A of the otJier, they 
are similar). 

' ' ED' ~" 



Also, 



O'E' 

(the homologous sides of similar A are proportional). 

ED Om 



;278 



E'D' 



O'm' 



297 



{th>e homologous altitudes of similar ^ have the same ratio cu their homolo* 
gous bases). 

Q. E. D. 
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Proposition VI. Theorem. 

874. The perimeters of similar regular polygons have 
the same ratio as the radii of their circumscribed circles, and, 
also as the radii of their inscribed circles. 

Af ^ ^ B^ 





Let P and P* represent the perimeters of the two 
similar regular polygons ABC, etc, and A'ffC^, etc. 
From centres 0, 0' draw OE, 0' E\ and -^ Of» and O'm'. 

Om 



TXT * P OE 
We are to prove — = 



Wm' 



P 



ED 
E' D'' 



§295 



(the pet-imeten of similar polygons have the same ratio as any ttoo homolo- 
gous sides). 



Moreover, 



OE 
0' E' 



ED 
E'D'' 



§373 



{fhe homologous sides of similar regular polygons have the sam/e ratio €U the 
radii of their circumscribed ©). 



Also 



Om 
0^ 



ED 
E'D'' 



§373 



(th^ Jumu>logous sides of similar regular polygons have the same ratio as 
the radii of their inscribed (D). 



P' 



OE 
O'E' 



Om 
0^' 



Q. E. D. 
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Proposition YIL Theorem. 

375. The circumferences of circles have the same ratio 
as their radii. 





Let C and C be the circumferences, R and B! the 
radii of the two circles Q and Q', 

We are to pr(/oe C : C :: R : R'. 

Inscribe in the (D two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

(the perimeters of similar regular polygons have the same ratio as the radii 
qf their circumscribed <D), 

^nd will approach indefinitely to the circumferences as their 
limits. 

.'. the circumferences will have the same ratio as the radii 
of their" circles, § 199 

.\C : C M R : R\ 

Q. E. D. 
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376. CoROLLAEY. By miiltiplying by 2, both terms of the 
ratio B : E', we have 

G : a ::2R i2R', 

that is, the circumferences of circles are to each other as 
their diameters. 

Since G : C m2R :2Iff, 

G : 2E :: G* : 2B', § 262 

O G' 
or, = . 

. 2E 2E' 

That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter v. 

377. Scholium. The ratio tt is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter «r, however, is used to represent its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. C '^ 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines pl^is twice their rectangle. '• * s, ' * 

3. Show, geometrically, that the square described upon the 7 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines mmus twice their rectangle, fi' 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. -^ 
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Proposition VIII. Theorem. 

378. If the number of sides of a regular inscribed poly- 
gon be increased indefinitely y the apothem wUl be an increas- 
ing variable wAose limit is the radius of the circle. 



In the light tiiajigle OCA, let A be denoted by Ri 
OC byr, and AC byb. 

We are to prove lim. (r) == 7?, 

r<B, §52 

(a ± is the shortest distance from a point to a straigM line). 

And R-r<h, §97 

{oiie side of a A'is greater (han the difference of the other ttoo sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A B, that is, 2 6, can be made loss than any assigned 
quantity. 

.'.b, the half of 2 6, can be made less than any assigned 
quantity. 

.'. E^r, which is less than 6, can be made less than any 
assigned quantity. 

r.lim. {E — r) = 0. 

r.E-lim. (r) = 0. §199 

.". iim, (r) = E. 

Q. E. D. 
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Proposition IX. Theorem. 

379. The area of a regular polygon is equal to one-half 
the product of its apothem by its perimeter. 




Let P represent the perimeter and R the apothem 
of the regular polygon ABO, etc. 

• We are to prove the area of ABC, etc., =^ ^B X P. 

Dmvr A, B, 0, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude 6f these A, 

and the area of each A is equal to ^B multiplied by 
the base. § 324 

/. the area of all the A is equal to 1 72 multiplied by the 
sum of all the bases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.". the area of the polygon = J 7? X P. 

Q. E. D. 
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Proposition X. Theorem. 

380. The area of a circle is equal to one-half the 
product of its radius by its circumference. 



B 




Let R represent the radius, and the circumference 
of a circle. 

We are to prove the area of the circle = ^ B X C. 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothem by r. 

Then the area of this polygon =^rX P, § 379 

(the area of a regular polygon is eqiuil to one-half the product of its apothtm 
by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the- polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

••. the area of the O = J 7? X C. § 199 

Q. E. D. 
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381. Corollary 1. Since = ir, } 375 

In the equality, the area of the O = J ^ X (7, 

substitute 2 ir^ for C; 

then the area of the O = i -ff X 2 irRf 

That is, the area of a O "= v times the square on its raditis. 

382. Cor. 2. The area of a sector equals J the product of 
its radium by its arc ; for the sector is such part of the circle as 
its MTC is of the circumference. 

383. Dep. In different circles similar arcs^ similar sectors, 
Olid similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XL Theorem. 

384. Two circles are to each other as the squares on 
their radii. 



Let R and R' be the radii of the two circles Q and Q', 

We are to prove — = — . 
^ Q' Rf^ 

I^ow Q^wR^y §381 

(the area o/aQ= ir times the square on its radius), 

and Q''=7rR^. §381 

Then «==!L^=^. 

Q. E. D. 

385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as tfieir radii ; similar 
sectors, being like parts of their respective circles, are to each 
other as the sqttares on their radii. 
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Proposition XII. Tpeorem. 

386. Similar segments are to each other as the squares 

on their radii, c 

O 





pi p 

Let A and A' C be the radii of the two similar seg- 
ments A BF and A'WP'. 

We are to prove ^^^ = ^ . 
A'BF ^TQ^ 

The sectors ACB^xA A' C B' are similar, § 383 
ifuxvmg the A at the centre, C and O, eqiuU), 

In the A AC Band A' C B' 

ZC = /:C', § 383 

{J>eing corresponding A of similar sectors), 

AC=^GB, §163 

A'G'-=-G'B'\ §163 

.-. the A -4 C ^ and -4' G' B' are similar, § 284 

ifusmng an Z. of the (me equal to an /.of the other, and the indnding sides 
proportumal). 

^^^ sector AGB _ AG" c 335 

sector ii'C"^ i^'^ 
(similar sectors are to each other <m the squares on their radii); 

and A^(7^ _ JJ? 5343 

AA'G'B' JTQ^' 
(similar ^ are to each other as the squares on thdr homologous sides). 

Hence s^^^^or ^ ^-^ "" ^ -^ ^-^ iTg' 

sector A' G' B' — A A' G' B* ^ JJJp^ ' 

or, segment ^^P ^ Jlf ^ j 271 

segment A' B' P' ATU'^ 
iff two quamtities be increased or diminished by like parts of eaxh, the resulis. 
will be in the sam/e ratio as the quantities themselves). 
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Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, \ ^ fC 

2. Show that an equialigular polygon inscribed in a circle is 
regular if the number of its sides be odd. ^^ -^ 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. u 

4. Show that the side of a circumscribed equilateral triangle^// 
is double the side of an inscribed equilateral triangle. 4;^ ' ' ^> y . 



5 ' ' / 

/ 5. Show that the area of a regular inscribed hexagon is 

three-fourths of that of the regular circumscribed hexagon. 

6. Show that* the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles, 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the. 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 60; find the area of the 
circle. Also, find the area of a sector of 80® of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 

. decagon, is equal to the square on the radius. 



f > 



■^■c 



6t> yA/; 



1 
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On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q he the given circle, and n the numher at sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circamference of tl^O into n equal aics. 

Join the extremities of these alx». 

Then yre have the polygon required. 

For the polygon is equilateral, § 181 

(in ike same O equal arcs are siLbtended by equal chords) ; 

and the polygon is. also regular, § 364 

(an equilateral polygon inscribed in a O is regular). 

Q. E. F. 
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Proposition XIV. Problem. 

888. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




bEb 

imo ins 



Let ABC I) Me the given inscribed polygon. 

It is reguiredmo inscribe a regular polygon having double the 
number of sides of ABC D, 

Bisect the arcs AB, BC, etc. 

Draw AE, EB, BF, etc., 

The polygon AE BFC^ei^,, is the polygon required. 



For 



•th( 



(b^ing 



C, etc., are equal, 
TT regular polygon). 



.". the arcs A B, BC, etc., are equal, 
(in the same O equal chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EBy BF, FCy etc., are equal ; 

/. the polygon A EBFy etc., is equilateral. 

The polygon is also regular, 
(an equilateral polygon inscribed in a O is regular) ; 



§ 363 



182 



§364 



and has double the number of sides of the given regular 
polygon. 

Q. E. F. 
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Pboposition XV. Phobleic. 
To iiMcfibe a square in a given circle. 
B 




Let be the centre of the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A C and -6 D JL to each other. 

Join AB, BC, CD, and DA. 

Then AB C D is the square required. 

For, the A AB C, BJK>, etc., 9j»Tt, A, § 204 
(being inscribed in a semicircle) » 

and the sides AB, BC, etc., are equal, § 181 

{in (he same O eqiial arcs are subtended by equal chords) ; 



.'. the figure A B CD is a square, 
{having its sides equal and its Art, A). 



§ 127 

Q. E. F. 



390. Corollary. By hisacting the arcs AB, BC, etc., a 
regular polygon of 8 sides may be inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Pboposition XVI. Fboblbm. 
391. To inscribe in a given circle a regular hexagon. 



Let he the centre ot the given circle. 

It is rtqpmed to micribe in the given Q a regular hexagon. 

From draw any radius, as C. 

From (7 as a centre, with a radius equal to C, 

describe an arc intersecting the circumference at F. 

Draw Oi^ and CF. 

Then C-^ is a side of the regular hexagon required. 

For the A OFCia equilateral, Cons. 

and equiangular, § 112 

.-. the Z i^O C^ is J.of 2 rt. A, or, J of 4 rt. ^ . § 98 

.*. the arc j^C is J of the circumference AJ3CF, 

.'. the chord FC, which subtends the arc FC, ia a side 
of a regular hexagon ; 

and the figure CFB, etc., formed by applying the radius 
six times as a chord, is the hexagon required. 

Q. E. F. 

392. CoROLLAR-s 1.. By joining the alternate vertices A, (7, 
D, an equilateral A is inscribed in a circle. 

393. Cor. 2. By bisecting the arcs A By B Oy etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XYII. Problem. 
894. To inscribe in a given circle a regular decagon. 




Let he the centre of the given circle. 

It is required to inscribe in the given O a regtdar decagon. 

Draw the radius (7, 

and divide it in extreme and mean ratio, so that C shall 
be to OaS' as aS' is to SC. § 311 

From C as a centre, with a radius equal to S, 
describe an arc intersecting the circumference at B. 

Draw BCy BS, and B 0. 
Then ^ (7 is a side of the regular decagon required. 



For 
and 

then 



OC 



Cons. 
Cons. 



OS :: OS : SO, 
BC=OS 

Substitute for aS' its equal B 0, ' 
00 : BO :: BC : SO. 
Moreover the Z 00 B = Z SO B, 

.•, the A 00 B and BOS are^ similar, 

(having an /.of the (me equal to an Z of the other, and the indvding sides 
proportional). 

But the A 67^ is isosceles, § 160 

(jits sides C and OB beiiig radii of the same circle), 

.'.the A BO S, which is similar to the A OB, is isosceles. 



Iden. 
§284 
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and BS = BC. §114 

But OS = £C, Cons. 

.\OS = BS, Ax. 1 
/. the A SO B is isosceles, 

and theZO = ZSBO, §112 

{being opposite equal sides), 

^Mii\iQZ.CSB = Z + Z SBO, § 105 

{flu exterior Zofa Ais eqvxd to the sum of the two opposite interior A ). 

.-. theZ CSB=2Z 0, 
ZSCB{=Z CSB)-=2Z 0, §112 

and Z0BC(=ZSCB) = 2Z0. §112 

.-. the sum of the A oi the A CB = 5 Z 0. 

.-. 5Z = 2rt. ^, §98 

and Z = J of 2 rt. A, pv t\^ of 4 rt. A 

.*. the arc 5 (7 is t\^ of the circumference, and 
.*. the chord BC ia a. side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
^ extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BG, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

897. To inscribe in a given circle a regular perMkcagon, 
or polygon of fifteen sides. 




P 

Let Q be the given circle. 
It is required to inscribe in Q a regular pewtedecagon. 
Draw Uff equal to a side of a regular inscribed hexagon, § 391 
and EF equal to a side of a regular inscribed decagon. § 394 

Join Fff, 
Then FH will be a side of a regular inscribed pentedecagon. 
For the arc E H is ^ of the circumference, 

and the arc J^ i^ is ^^ of the circumference ; 
.'. the qxqFH\b\ — ^, OT ^, of the circumference. 

.'. the chord FH is & side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs FH, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 



COKSTBUCTIONS. 231 



Proposition XIX. Problem. 

899. To inscribe in a given circle a regular polygon 
similar to a given regular polygon. 

(^ ^zy C D 





Let A BCD, etc., be the given regnlsLT polygon, and 
C D'E' the given circle. 

It is required to inscribe in C B' E' a regular polygon' 
similar to A £ C D, etc. 

rrom 0, the centre of the polygon ABO B, etc. 

draw Oi!) and 0(7. 

From 0' the centre of the O C'B'If, 

draw CV (7' and (9' i)', 

making the A 0' = Z. 0. 

Draw (7' i)'. 

Then C B' will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z 
(=i^ 0') is contained times in 4 rt. ^4. 

.•. the polygon C B' E\ etc. is similar to the polygon 
CBE^e^ic., §372 

{tujo regular polygons ofiJie same nurnber of sides are similar). 

Q. E. F. 
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Pboposition XX. Problem. 

400. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 

BMC 




N 
Pet HMRSf etc., be a given inscribed Tegular polygon. 

It 18 required^ to circumscribe a regvlar polygon similar 
to HMRS, etc 

At the vertices H, if, R, etc., draw tangents to the 0, 
intersecting each other at -4, B, (7, etc. 

Then the polygon ABC D, etc. will be th^ regular poly- 
gon required. 

Since, the polygon ABC D^ etc. 

has the same number of sides as the polygon H MR S, etc., 

it is only necessary to prove that ABC Dy etc is a regular 
polygon. § 372 

In the A B H M ^n^ C M R, 

EM=MR, §363 

{being sides of a regular polygon). 
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the A BHM, BMH, GMR, and CRMqxq equal, § 209 
\ (being mecuured by halves of equal arcs) ; 

.'. the A ^ HM and C MR are equal, § 107 

{having a side and two adjacent A of the one equal respectively to a side and 
two odJaceTit A of the other). 

.\ZB = ZC, 
{being homologous A of equal ^ ). 

In like manner we may prove Z. C =" Z. D, etc. 

.'. the polygon ABC D, etc., is equiangular. 

Since the A BHM^ MR, etc. are isosceles, § 241 
(two tangents drawn from the same point to a O are equal), 

the sides BIT, BM, C M, OR, etc. are equal, 
{being homologous sides of equal isosceles ^ ). 

.'. the sides AB^BGyC By etc. are equal. Ax. 6 

and the polygon ABC D, etc. is equilateral 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A one angle, and C the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = J i?, 
A = 60^ 67=120^ 

2. In an inscribed square a = R\/2, r = |i?V^, A = 90**, 

c = 9o^ 

3. In a regular inscribed hexagon a = R, r =" ^ R ^, 
A = 120^ C = 60^ 

R (y/E - I) 



r 



4. In a regular inscribed decagon a = ^ 

= IrVioV2)/E, .1 = 144°, (7 = 36° 
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Proposition XXL Problem. 

401. To find the value of the chord of one-half an arc, 

in tervM of the chord of the whole are and the radium of the 

circle. 

D 




'Let AB be the chord of arc A B and A D the chord 
of one-half the arc A B, 

It is required to find the value of AD in terms of AB and 
R {radius). 

Prom D draw D H through the centre 0, 

and draw A. 

ZTi) is ± to the chord ^ ^ at its middle point C, § 60 

{tiDO pointSf and D, equally distant from the extremities^ A and B, de- 
termine the position of a J- to the middle point of A B), 

The Z ^^ Z> is a rt. Z, § 204 

ijking inscribed in a semicircle), 

.\jn? = DHX DC, § 289 

(the square on one side of art. A is equal to the product of the hypotenuse by 
the adjacent segment made by the J- let fall from the vertex ofthert, Z. ). 

Now Dn=2R, 

and DC^DO'-CO=^R'-CO; 

.\jn)^-^2R{R-C0). 
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Since j1 (7 is a rt. A, 

r^^r^-vci?', §331 



.\G0 = ^{AO'-rC?)y 



V 4 

2 
In the equation -i"^ = 2 i? (^ — (7(9), 

substitute for (7 its value V^ ^^ — A B 

2 

then /75^ = 2i?(i?-yiZE^), 
= 2R^-R i\j4:R^-AB^\ . 

402. Corollary. If we take the radius equal to unity, 
the equation AD = d2B^— R hi i J^ — AB^\ becomes 



Q. E. F. 
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Proposition XXII. Problem. 

403. To compute tJie ratio of the circumference of i 
circle to its diameter, approximately. 




Let G be the circumference and R the radius ot a 
circle. 

Since ^ = — , §376 

when 7? = 1, ff = 2" • 
It is required to find the numerical value of tt. 

We make the following computations by the use of the 
formula obtained in the last proposition, 



AD=^J2-^i-AJ^, 



No. 
Sides. 

12 
24 



when AB ia 8k side of a regular hexagon : 
In a polygon of 

Form of Computation. 

Al)=-^2-^T^ 
AD- 



12 



-V2-V^4-^5 1763809)2 

48 ^ 2) = V 2-V^4- (.261052 38)2 

96 ^ Z> = v/ 2 - y/j - (. 1 3080626)2 

192 AD=-\ j2-sli- (.06543817)2 

384 AD = ' ^2-yJi- (.03272346)2 

768 ^i) = N/2-v^4- (.01636228)2 

Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 



Length of Side. 

.51763809 
.26105238 
.13080626 
.06543817 
.03272346 
.01636228 
.00818121 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 
6.28311544 
6.28316941 



. TTy which equals — , 



6.28317 



3.14159 nearly. 



Q.E.F 
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On Isoperimetrical Polygons." — Supplementary. 

404. Dep. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum, and that which is smallest 
is a Minimum. 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
aftong all straight lines drawn from a point to a given straight 
line. 



Proposition XXIII. Thborbm. 

406. Of all triangles having two sides respectively equal, 
that in which these sides include a right angle is the nmwi^ 

MUM» 




D B 

Let the triangles ABC and EBC have the sides A B 
and BG equal respectively to EB and BC; &nd 
let the angle ABC be a right angle. 

We are to prove A ABO A EBC. 

From E, let fall the ±EI). 

The A ABC and EBC, having the same base B C, are to 
each other as their altitudes A B and ED, § 326 

(A having the same base are to each other as their altitudes). 

^ow EJD.is < EB, § 52 

{a ± is the^ shortest distance from, a point to a straight line). 
But EB = AB, * Hyp. 

.\ED\B<AB. 
.'.AABOAEBQ. 

Q. E. D. 
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Proposition XXTV. Theorem. 

407. Of all polygons formed of Men all given hut one, 
the polygon inscribed in a semicircle, having the undetermined' 
side for its diameter, is the maximum. 




Let A B, BC, CD, and D E be the sides of a polygon 
inscribed in a semicircle having: A E for its di- 
ameter. 

We are to prove the polygon ABC D E the maximum of 
polygons having the sides A B, BC, CD, and D E, 

rrom any vertex, as C, draw C A and C E. 

Then the Z -4 (7 iST is a rt. Z , § 204 

(peing inscribed in a semicircle). 

Now the polygon is divided into three parts, ABC, C D E, 
and A C E, 

The parts ABC and C D E will remain the same, if the 
Z. AC EhQ increased or diminished ; 

but the part ACE will be diminished, § 406 

(of all ^ having two sides respectively eqtialf that in which these sides in- 
, elude art. Zis (he maximum). 

.\ ABCDE la the maximum polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons formed of given sides 
can be inscribed in a circle. 

Hf jy 





A A' 

Let ABC D B be a polygon inscribed in a circle, and 
A' BCD m be a polygon, equilateral with re- 
spect to ABCDEj but which cannot be inscribed 
in a circle. 

We are to prove 

the polygon ABCDE>the polygon A' Bf C D E'. 

Draw the diameter A H, 

Join C H SLTid D ff. 

Upon C'ly (= OD) construct the A C IP D = A C H D, 

and draw A* H', 

]S"ow the polygon ^ ^ C ZT > the polygon A' B' C IF, § 407 

(of all polygons foirmed of sides all given hut otic, the polygon inscribed in a 
seT/iidrde having the undetermined side for its diaimter, is the inaxinium). 

And the polygon A E D H > ihQ polygon A' E' D' W. § 407 

Add these two inequalities, then 

the polygon ABCHDE>i\\Q polygon A'B'C'H'D'E, 

Take away from the two figures the equal A. G H D and 

c'H'iy, 

Then the polygon ABC BE > the polygon A' B' C D' E, 

Q. E. D. 
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Proposition XXVI. Theorem. 

409. Of all triangles having the same base and ejual 
perimeters, the isosceles triangle is the maitimum. 




Let the AACB and ADB have equal peiimeteis, 
and let the AACB be isosceles. 

We are to prove AACB>AAI)B. 

Draw the ± OE and D F. 

AACB CE .3 

AABD DF' . 

(^ having the same base are to ecuh other as their altUvdei), 

Produce AC to H, making C H=^ AC. 

Draw HB, 

The Z. ABH is a rt. Z, for it will be inscribed in the 
semicircle drawn from (7 as a centre, with the radius C B. . 
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From C let faU the ± GK\ 
and &om i) as a centre, with a radius equal to D B, 
describe an arc cutting H B produced, at P. 
Draw i)P and iiP, 
and let fall the A. D M. 
Since AH = AC^-GB = AD'¥DB, 
and AP<AD+DP\ 

.\AP<AI) + DB; 
,\AE>AP. 



.:BH>BP. 


§66 


Now BK=^BH, 


§113 


(a X dravm from the vertex of an isosceles A biseds the base). 




and BM=iBP. 


§113 


But CE = BK, 


§135 


(ll» comprehended between \\s are equal); 




and DF^BM, 


§135 


,\CE>DF. 




.'.AACB>AADB. 





Q. E. D. 
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Proposition XXVII. Theorem. 
410. The maximum of uoperimetrical jpolygoiM of the 
same number of sides is equilateral. 




Let ABC Dy etc, be the maximum of isopeiimetdced 
polygons of amy given number of sides. 

We are to prove A By B C, C Dy etc,y equal. 

Draw A C. 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that of A ABC, 

Otherwise, a greater A A KG could be substituted ioiAABCy 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABCDy etc., is the maximum polygon. 

.-. the A ^ ^ (7, is isosceles, § 409 

{of all ^ huving the same base and equal perimeters, the isosceles A is (A< 
Toaximum). 

In like manner it may be proved that B C = CD, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

{the maximum of isoperimetrical polygons of the same numher of sides is 
equilateral). 

Also it can be inscribed in a O, § 408 

{the maximum of all polygons formed of given sides can he inscribed in a 0). 

Hence it is regular, § 364 

{an equilateral polygon inscribed in a Q is regular). 
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Proposition XXVIII. Theorem. 

412. Of isoperimetrical regular polygond, that ia greatest 
which has the greatest number of sides. 





Let Q be a regular polygon of three sides, and Q' be 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q' > Q, 

In any side AB oi Q, take any point D. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and D B make with eacJi 
other an Z equal to two rt. A . 

Then the irregular polygon Q, of four sides is less than the 
regular isoperimetrical polygon Q' of four sides, § 411 

{th& maanmum of isoperimetrical polygons of the same number of sides is a 
regular polygon). 

In like manner it may be shown that Q' is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular polygon he constructed with a given 
area, its perimeter will be the leas the greater the number 
of its sides. 



Q 





Let Q and Q! be regular polygons having the same 
area, and let Q* have the greater number of sides. 

We are to prove the perimeter of Q^ the perimeter of Q, 

Let Q' be a regular polygon having the same perimeter as 
Qfy and the same number of sides as Q, 

Then Q is > Q", § 412 

{of isoperirnetrical regular polygons^ thai is the greatest which has the greatest 
nuniber of sides). n 

But Q = e^ 

.-. e is > Q", 
.•. the perimeter of © is > the perimeter of Q". 
But the perimeter of ^ = the perimeter of Q", Cons. 
.-. the perimeter of ^ is > that of Q'. 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distatices from, a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry ; when a plane is taken, it is called the 
Flane of Symmetry. 

418. Two points are syn\metrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, JF 
are symmetrical with respect to C, if (7 bisect 
the straight line FF^, 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry. 
Thus either C F oi C F^ is the radius of symmetry. 




420. Ttoo points are symmetrical with 
respect to an axis, if the axis bisect at right 
angles the straight line terminated by these 
points. Thus, F, F' are -symmetrical with re- 
spect to the axis XX', ii X X' bisect F F' at 
right angles. 



-X 



P^ 



421. two points are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus F, F' are symmetrical 
with respect to MN, MMN bisect F F' at 
right angles. 



M^ 



Pf 
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422. Ttoo plane figures are symmetrical with respect to a 
centre^ an axis, or a plane^ if every point of either figure have 
its corresponding symmetrical point in the other. 




iN 



Fig. 1. Fig. 2. Fig. 8. 

Thus, the lines A B and A* B' are symmetrical with respect 
to the centre G (Fig. 1), to the axis XX' (Fig. 2), to the plane 
MN (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 

B B . p 



^D ^ 




A' U- 



Af 



A 


/ 


\ 


D 










■/ 


/ 


\ 


1 


J 






1 




v"' 


\ 





,N 



Bf 

Fig. 6. 



Af 



Df 



Fig. 6. 



Also, the triangles AB D and A' B' D' are symmetrical with 
respect to the centre C (Fig. 4), to the axis XX (Fig. 6), to the 
plane MN (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other.. V 



423. Dep. In two symmetrical^ figures the corresponding 
symmetrical points and lines are called^mo^o^oz^ 



\ 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Dep. a single figure is a symmetrical figure, either 
when it can be divided by an axis, or plane, into two figures 
. symmetrical with respect to that axis or plane ; or, when it has 
a centre such that every straight line drawn through it cuts the 
perimeter of the figure in two points which are symmetrical 
with respect to that centre. 




Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX' into figures ABC D ojidi AB'C'D 
which are symmetrical with respect to XX', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry, or to any 
diameter as the axis of symmetry. 
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Proposition XXX. Theorem. 

425. Two equal andjparallel lines are symmetruuil with 
respect to a centre. 

A B' 




B Ai 

Let AB and A' B' be equal and parallel lines. 
We are to prove A B and A' B' symmetricaL 
Draw A A' and B B', and through the point of their inter- 
section Gy draw any other line HO H\ terminated in ^^ and 
A'B'. 

Inthe AC^^andCil'^' 

AB-=A'B', Hyp. 

also, A A and B = A A' and ^ respectively, § 68 

Qmng alt. -int, A ), 
.-.A CAB = A GA'B'-, § 107 

.-. CA and GB^GA' and G B' respectively, 
(beiiig hmrwlogoiis sides of equal ^). 

Now in the A AG H a,nd A' G H' 

AG = A'G, 

A A and AG H = A A' and A' G H' respectively, 

.\AAGH=AA'GH', § 107 

(having a side and two adj. A of the one equal respectively to a side and two 
adj. A of the other), 

.\GH=GH', 

(being homologous sides of equal A ). 

.\ IP ia the symmetrical point of IT. 

But ff is any point in ^ ^ ; 

.*. every point in AB has its symmetrical point in A'B'. 

.\ A B and A' B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two a^es 
perpendicular to each other, U is symmetrical with respect 
to their intersection as a centre. 




Let the fignre ABODE FGH be symmetrical to the 

two axes XX', YY' which intersect at 0. 

We are to prove O the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKLJLioX X\ ^xAIMN ± to F F. 

JoinXO, OiV,andZJf. 

Now KI=KL, 

{tkefigwe being symmetrical with resped to X XT), 

But KI^OMy 

(lis comprehended between \\s are egual), 

.\KL0M\&Q,O, 
(having two sides equal and parallel). 

.*. Z is equal and parallel to XM, 
{being opposite sides ofaCJ). 

In like manner we may prove N equal and parallel to KM, 
Hence the points Z, 0, and N are in the same straight line 
drawn through the point ^ to K M, 

Also LO = ON, 

(^mce each is equal to K M\ 
.*. any straight line LO N, drawn through 0, is bisected at 0. 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 



§420 

§ 135 

Ax. I 
§ 136 

§ 134 



260 



GEOMETRY. — BOOK V. 



Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABC hj a, by c, the alti- 
tude by py and by s. 

Show that 

^^ 2c ' 

and show that 




.. = .2_(^^-«T 



= 62 



4c2 



_V/46V-(62+c2-a»)2 



2c 



P 



_V/ (6+c+a)(6 + c-a)(a + 6-c)(q.-6 + c) 



2c 



cXp 



Hence, show that area of A A B C, which is equal to —^, 
= JV^(6 + c+a)(6 + c-a)(a + 6-c)(a-6 + r). 
= Vs(5 — a)(s— 6)(s — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — ^ . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains 1 

4. How many feet are contained in a triangle each side of 
which is 75 feet % 
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On Lines and Planes. 

428. Dbp. A Plane has already been defined as a surface 
such that the straight line joining any two points in it lies 
wholly in the surface. 

The plane is considered to be indefinite in extent, so that 
however far the straight line be produced, all its points lie in 
the plane. A plane is usually represented by a quadrilateral 
supposed to lie in the plane. 

429. Dep. The Foot of a line is the point in which it 
meets the plane. 

430. Def. a straight line is perpendicular to a plane if 
it be perpendicular to every straight line of the plane drawn 
through its foot. 

In this case the plane is perpendicular to the line. 

431. Dep. The Distance from a point to a plane is the 
perpendicular distance from the point to the plane. 

432. Dep. A line is parallel to a plane if all its points be 
equally distant from the plane. 

In this case the plane is parallel to the line. 

433. Def. A line is oblique to a plane if it be neither per- 
pendicular nor parallel to the plane. 

434. Def. Two planes are parallel if all the points of 
either be equally distant from the other. 

435. Def. The Projection of a point on a plane is the foot 
of the perpendicular from the point to the plane. 

436. Def. The projection of a line on a plane is the locus 
of the projections of all its points. 

437. Dep. The plane embracing the perpendiculars which 
project the points of a straight line upon a plane is called the 
projecting plans of the line. 
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438. Def. The angle which a line makes with a plane is 
the angle which it makes with its projection on the plane. 

This angle is called the I?iclinatio7i of the line to the plane. 

439. Def. A plane is determined hy lines or points, if 
no other plane can embrace these lines or points without being 
coincident with that plane. 

440. Def. The intersection of two planes is the locus of 
all the points common to the two planes. 

441. An infinite number of planes may embrace the same 
straight line. 

Thus, if the plane MN' em- ^ 

brace the line AB it may be made 
to revolve about ^ ^ as an axis, 
and to occupy an infinite number 



of positions, each of which is the / 



i 



L 



B 



position of a plane embracing the ' L 

line A B. 

442. A plane is determined by a straight line and a point 
vrithout that line. 

Thus, let any plane em- M^ 

bracing the straight line AB 




I 



revolve about the line as an axis y^ ^^-^"^"^ ^""^^^ 

until it embraces the point (7. 

Now if the plane revolve either way about the line AB z& 
an axis, it will cease to embrace the point (7. 

Hence any other plane embracing the line A B and the 
point C must be coinqjdent with the first plane. • § 439 

443. Three points not in a straight line determine a plane. 
For, by joining any two of the points, we have a straight 

line and a point which determine a plane. § 442 

444. Two intersecting straight lines determine a plane. 
For, a plane embracing one of these straight lines and any 

point of the other line (except the point of intersection) is deter- 
mined. § 442 

445. Two parallel straight lines determine a plane. 

For, a plane embracing either of these parallels and any 
point in the other is determined. § 442 
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Proposition L Theorem. 

446. If two planes cut one another their intersection is 
a straight line. 




Let MN and FQ be two planes which cut one another. 

We are to prove their intersection a straight line. 

Let A and B be two points common to the two planes. 

Draw the straight line A B, 

Since the points A and B are common to the two planes, 
the straight line A B lies in both planes. § 428 

JN^ow, no point out of this line can be in both planes ; 

for, if it be possible, let G be such a point. 
But there can be but one plane embracing the point C and 
the line il^. §443 

.', C does not lie in both planes. 

.*. every point in the intersection of the two planes lies in 
the straight line A B. 

Q. E. D. 
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Proposition IL Theorem. 

447. From a point without a plane only one perpendic- 
ular can be drawn to the plane ; and at a given point in a 
plane only one perpendicular can he erected to the plane. 



Fig. 1. 



1. N 



M 



1 



Pig. 2. 



iV 



Let C D CFig*. 1) be a, perpendicular let fall from the 
point C to the plane MN, 

We are to prove thai no other JL can he dravmfrom the poird 
G to the plane M N. 

If it be possible, let Bhe another ± to the plane MN, 
and let a plane F Q pass through the lines C B and C D, 
The intersection oi P Q with the plane MN ia a. straight 
UneBD, §446 

Now if OB and OB be both ± to the plane, the A CBD 
would have two rt. A, OBD and OBB, which is impos- 
sible. § 102 

Let D C {Fig, 2) be a perpendicular to the plane MN at 
the point D, 

If it be possible, let 2) 4 be another ± to the plane from 
the point 2>, 

and let a plane PQ pass through the lines D C and DA, 

The intersection of P with the plane if i\^ is a straight line. 

Now if 2> C and Z) il could both be ± to the plane if iV at 

2), we should have in the plane P Q two straight lines ± to the 

line DQ qX, the point 2>, which is impossible. § 61 

Q. E. D. 

448. Corollary. A perpendicular is the shortest distance 

from a ^oint to a plane. 
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Proposition III. Theorem. 

449. If a straight line he perpendicular to each of two 
straight lines drawn through its foot in a plane it is perpen^ 
dicular to the plane. 

D 




Let DC be pezpendicnlar to each of the two lines 
AC A' and BCB' drawn through its foot in the 
plane M N, 

We are to prove DC A^to tJie plan^ M N. 

Take CA = G A' eiud G B = CB. 

Join A Ba^d A' B'. 

Then A B and A' B' are symmetrical with respect to C, § 426 
(their extremities beiTig symmetrical). 

Through G draw any line HC H' in the plane M N, 

Then H and H' are symmetrical, § 422 

(being corresponding points in the si/mmetrical lines A B and A' B^), 

About G, the centre of symmetry, revolve A J9, keeping A G 
and BG l^io G D, until it comes into coincidence with A* B\ 

Then the point H will coincide with its symmetrical 
point H', ' 

and Z. DG H will coincide with, and be equal to, Z. DG IT, 
.-. ADGH and D GIF are rt. A § 25 

,\DG\BA.toHGH'. 
Now since 2>(7 is ± to any line, HGW, drawn through its 
foot in the plane M N, it is J_ to every such line. 

.•.i?ais±totheplaneiIfi\r. §430 

a E. D. 
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Proposition IV. Theorem. 
450. Oblique lines drawn from a point to a plane at 
equal distances from the foot of the perpendicular are equal; 
and of two oblique lines unequally distant from the foot of the 
perpendicular the more remote is the greater. 




Let the oblique lines BC, BD, and BE, be drawn at 
equal distances, AC, AD, and AE, from the foot 
of the perpendicular BA ; and let BC be dravm 
more remote from the foot of the perpendicular 
than BC. 

We are to prove I. BC= BD^ BE. 
11. BOBC, 

I. In the Ti, ABAC and BA D 

BA=BA, 
AC^AD, 
and rt. Z ^^ C = rt. Z BA D. 

.\ABAC = ABAD, 

.\BC-=^BD, 

(being homologous sides of equal ^ ). 

II. Since Aaa> AC, 

BC''\s>BC, 

Q. E. D. 

451. Corollary 1. Equal oblique lines from a point to a 
plane meet the plane at equal distances from the perpendicular ; 
and of two unequal oblique lines, the greater meets the plane at 
the greater distance from the perpendicular. 

452. Cor. 2. All equal oblique lines BC, B D, etc., drawn 
from a point to a plane terminate in the circumference C D E 
described from -4 as a centre with a radius equal to A C, Hence, 
to draw a perpendicular from a point to a plane, draw any ob- 
lique line from the given point to the plane ; revolve this line 
about the point, tracing the circumference of a circle in the plane, 
and draw a line from the point to the centre of the circle. 



Iden. 
Hyp. 

§106 
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Proposition V. Theorem. 

453. If three straight lines meet at one pointy and a 
straight line he perpendicular to each' of them at that pointy 
the three straight lines lie in the same plane. 




Let the stra^ight line AB be perpendicular to each of 
the straight linds BC.BD, and B E, at B. 

We are to prove BGy B Dy and BE in the same plane M N. 

If not, let BD^ndiBEhQ in the plane M N, and B C with- 
out it ; and let P H, passing through A B and B C, cut the plane 
MN in the straight line B H. 

Now AByBC, and ^ ^ are all in the plane P H, 

and since -4 ^ is -L to BD and ^^, it is X to the 

plane M N, § 449 

(i/" a straight line be ± to each of two straight lines dravm through its foot 
in a plane, it is A. to the plane). 

.', A B is JL to B II, a straight line in the plane MI^, § 430 

± to a plane is ± to every straight line in that plane drawn through 
its foot), 

Z A BH is a rt. Z. 

Z il ^ (7 is a rt. Z. 

.\ZABG-=ZABH. 

.\ BC and BH coincide. 

,'. BCis not without the plane M^. 

Q. E. D 

454. Corollary. The locus of all perpendiculars to a given 
straight line at a given point is a plane perpendicular to this 
given straight line at the given point. 

455. Scholium. In the geometry of space the term locus 
has the same signification as in plane geometry, only it is not 
limited to lines, but is extended to include surfaces. 



(a 



That is 
But 



Hyp. 
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Proposition VL Theorem. 

456. If from the foot of a perpendicular to a plane a 
straight line he drawn at right angles to any line of the plane^ 
the line drawn from its intersection with the line of the plane 
to any point of the perpendicular is perpendicular to the line 
of the plane. 




Let P F be a perpendicular to the plane M N^ F C 
a perpendicular from, the foot of PF to any line 
A Bf in the plane MN, and C P a line drawn from 
its intersection with AB to any point P in tie 
perpendicular PF, 

We are to prove C P JL to A B, 

Take G A = C B Bind draw FA, FB, PA,PB. 

Now FA = FB, § 53 

(ttvo oblique lines draion from a point in a JL cutting off equal distances 
fronn the foot of the ± are equal), 

and P^ = PB, % 450 

{oblique lines drawn from a point to a plane aJt equal distances from the 
foot of the JL are equal), 

.', PC i^JLio A B, §60 

{two points equally distant from the extremities of a straight line determine 
the ± ai tJie middle point of the line), 

Q. E. D. 
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Proposition VIL Theorem. 

457. If a line he perpendicular to a plane y every line 
which 18 parallel to this perpendicular is likewise perpendic- 
ular to the plane. 

A C 



M 



\ 



\ 



\ 



~-JD 



E/ 



J 



Let AB be perpendicular to the plane MN, and CD 
any line parallel to AB, 

We are to prove G D perpendicular to the plane M N, 
Draw B D in the plane J/iV', and through 2> draw BF in 
the plane MN JL to BD, and join D with any point in ^ ^, 
as A. 

BDiBJLioAB, §430 

(jf a straigM line be ± to a plane it is ± to every line of the plane drawn 
through its foot) ; 

itisalso±toCi>, §67 

{if a straight line he Xto one of two \\s, it is ± to the other). 

Now EF is ± to ^ A § 456 

{if f roan the foot of a X to a plane a straigM line he dravm at right angles to 

any lime of the plane, the line draivn from its intersection with the line 

of the pldne to any point in the A. is A. to the line of the plane), 

and is also JutoBD. Cons. 

.-. ^ i^ is -L to the plane ABDO, § 449 

{a straight line 1. to two straight lines dravm through its foot in a plane is 
X to the plane), 

.'. B F is ± to CD, §430 

{if a straij^J line he ± to a plaTie it is ±to every line of the plane drawn 
through its foot), 

.*. CD is X to BD and E F^ and consequently to the 
plane M N. § 449 

Q. E. D. 

458. Corollary 1. Two lines which are perpendicular to 
the same plane are parallel. 

459. CoR. 2. Two lines parallel to a third straight line not 
in their own plane are parallel to each other. 
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Proposition VIII. Theorem. 

460. If a straight line and a plane be perpendicular to 
the same straight line, they are parallel. 




Let the strsLight line BC and the plane MN be per- 
pendicular to the straight line A B. 

We are to prme BC W to M N, 

From any point C of the line BG let C 2> be drawn per- 
pendicular to M N, 

Join A 2). 

B A and D dXQ parallel, § 458 

Q>wo straight lines ± to the same plane are 11 ), 

ADisLtoBA, §430 

{if a straight line he ± to a plane it is ± to every line of the plane drawn 
through its foot). 

,\ AD and B C are parallel, § 65 

(two straight lines ± to tlie same straigJU line are II ). 

.'.ABCDissLUJ. §125 

.\CD-=AB.. §134 

Now, since C is any point in the line B (7, all the points in 
BC aiG equally distant from the plane M^, 

.\BCi8 WtoMN', § 432 

(a line is 11 to a plane if all Us points he eqtuilly distant from the plane), 

Q. E. D. 
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Proposition IX. Theorem. 

461. If two planes he perpendicular to the same straight 
line they are parallel. 

P 



B 



M 



TJ 



v7 

—In 



Let the two planes MN and PQ be perpendicular to 
the straight line A B. 

We are to prove P Q W to MK 

From any point C in the plane P Q draw C D A.to MN, 

Join JS C. 

BCi8±toAB, §430 

(if a straight line he 1. to a plane it is 1. to every line of the plane draum 
through its foot). 

.-. ^ (7 is II to the plane MN, § 460 

(if a straight litu and aplaiie he X to the same straight line they are II). 

.-. C 2) is equal ioAB, § 432 

{if a straight line he II to a plane, all its points are equally distant from the 

plane). 

Since C is any point in the plane P Qy all the points in 
the plane P Q are at equal distances from MN 

.\PQ is W to MN, § 434 

(ttiH) planes are II if all the points of either he equally distant from the other). 

^ Q. E. D. 
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Proposition X. Theorem. 

462. If two angles not in the same plane ham their 
aides respectively parallel and lying in the same direction, 
they are equal, 

M 




Let A A and A' he respectively in the planes MN and 
FQ and have A D parallel to A' ly and A C parallel 
to A' C and lying in the same direction. 

We are to prove A A=^ A A', 

Take AD=^ A' D' and AC==^A' C. 
I Join A A', D D', C C\ G Z>, C />'. 

I Since il Z> is equal and II to A' D\ the figure ADD' A' 
is a O, § 136 

.\AA'-=Diy, §134 

In like manner AA' = C C, 

.\Ca = DD'. Ax. 1 

Also, since C C and D D are respectively II to A A', they 

are II to each other, § 459 

(two straight lines W to a third straight line not in their omm plane are II to 

each other). 
.'.CDD'C'i^^O. § 136 

.\CD = C'iy, §134 

.'.AADC^AA'D'C, §108 

(having three sides of the one equal respectively to three sides of the other), 
.\ZA=-ZA', 
(being hmnologoiLS A of equal ^). 

463. Corollary. If two angles lie in different planes and 
have their sides parallel and extending in the same direction, the 
planes are parallel. For the intersecting lines, A G and A D, 
which determine the plane MN are parallel respectively to the 
lines A'G' and A' D' which determine the plane FQ, therefore 
the planes are determined parallel 
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Proposition XL Theorem. 
464. Two parallel lines comprehended between two par- 
allel planes are equal. 




Let the two parallel lines AB and CD be included 
between the parallel planes MN and P Q. 

We are to prove A B = C D, 

IfAB and CD be _L to the two H planes they are equal, § 434 
(if two planes be II, all the points of either are equally distant from the other), 

li AB and C7 Z> be not JL to the two 11 planes, draw from 
the points A and C the lines A E and G F A^io the plane M N. 

A E i^W to OF, §458 

{two lines ± to the same plane are II). 

Join i?^ and Z>i^. 

In AAEBsjidOFBy 

AE=CF, §434 

ZAEB=^ZCFD, §430 

(if a straight line he ± to ck plane it is ± to any line of th^ plane drawn 
through its foot) ; 

and Z. BAE^Z DCF, §462 

{if two A not in the same plane have their sides II and lying in the same 
direction they are equal), 

.\AAEB = A CFD, §107 

(Jiaving a side and tv)o adj. A of the one equal respectively to a side and two 
adj. A of the other). 

Hence A B = O B, 

(being homologous sides of eqwxil A). 

Q. E. D. 
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Proposition XIL Theorem. 

465. The intersections of two parallel planes by a third 
plane are parallel lines. 




Let the plane S intersect the parallel planes P Q 
and MN in the lines A C and B D respectively. 

We are to prove AC W to BD. 

Through the points A and C draw the II lines AB and 
(7 Din the plane OS. 

Now AB = CD, §464 



( II lines comprehended between II planes are equal). 

.'. ABC D 13 B,CJ, 

(having tico sides equal and II ). 

.'.ACis II to BD, 
(being opposite sides ofaCJ). 



§136 
§125 



Q.£. D. 
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Proposition XIIL Theorem. 

466. If a straight line be perpendicular to one of two 

parallel planes it is perpendicular to the other, 
M 




Let MN and PQ be parallel planes and AB be per- 
pendicular to PQ, 

We are to prove AB .Lto MN, 

Let two planes embracing A B intersect the planes M N and 
P Q in AG, B E Qjidi A D, B F respectively. 

Then ^ (7 is 11 to ^^ and A D to B F, § 465 

{the intersections of two 11 planes by a third plane are II lines). 

But FB and FB are ±toAB, § 430 

{if a straight line be 1. to a plane it is A. to every straight line of the plane 
draion through its foot), 

,\ AC and A D which are respectively II to -ff ^ and BF 
are ± to i4 j5, § 67 

{if a straight line be ±to OTie of two II lines, it is ± to the other), 

.-. ABi^JLio MN, § 449 

{if a line be JLto two straight lines in a ^ylane drawn through its foot it is ± 
to the plane), 

Q. E. D. 

467. Corollary. If two planes be pamllel to a third plane 
they are parallel to each other. For, every line perpendicular to 
this third plane is perpendicular to the other planes ; and two 
planes perpendicular to a straight line are parallel. 
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Proposition XIV. Theorem. 

468. If a straight line be parallel to another straight 
line drawn in a plane, it is parallel to the plane. 
A C 



/ 



M 



/ 



A 



U-'-^'t' 



V 



Now 



Also 



and 



65 



135 



458 



N 
Let AC be parallel to the line B D in the plane MN. 

We are to prove AC Wto the plane MN. 

From A and C, any two points in A G, draw ^ ^ and CD 
± to .4 (7, and ^ ig' and C/'X to the plane M N. 

Join BE^Ti^BF. 

^^ is II to CD, 

{two straight lines JL to the same line are II ). 

AB = CD, 

( II lines comprehended between II lines ar$ eqicaT), 

AFisW to CF, 
(two straight lines ± to the sam^ plane are H ). 

.\ZBAF = Z BCF, §462 

(if two A not in the same plane have their sides II and lying in the some 
directi^i, they are equal). 

.'. Tt.AAFB = rt. A CFD, § 110 

(two rt. A are eqUal when an acute Z and the hypoteniise of the (me are 
equal respectively to an acute Z and the hypotenuse of the other). 

.\AE-=^CF, 

(being homologous sides of equal A ). 

'Now since the points A and (7, any two points in the line 
A C, are equally distant from the plane if iT, 

all the points in A C are equally distant from the 
plane ifiT. 

.-. ACiaW to the plane MK § 432 

Q. E. D. 
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Proposition XV. Theorem. 
469. If two straight lines be intersected by three par- 
allel planes their corresponding segments are proportional. 




Let A B and G D be intersected by the parallel planes 
MN, PQ,RS,in the points A, E, B, and 0, F, D, 

jxr * AE OF 

We are to prove —-=.—-. 

Draw A D cutting the plane PQmG, 

Join EG aiiidFG. 

Then E G is W to B D, §465 

(the iTUersections of two II planes by a third plarie are II lines). 

• -^ _ -^ ^ 
" EB GD' 

(a line drawn through two sides o/ a A II to the third side divides those 
sides proportionally). 



§275 



Also, 



GFi^ II to AG, 



G F 
FD 

AE. 

EB ' 



A G 
GD' 

C F 
FD' 



§465 
§275 



Ax. 1. 

Q. E. D. 
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On Dihedral Angles. 

470. Def. The amount of rotation which one of two inter- 
secting planes must make about their intersection in order to 
coincide with the other plane is called the Dihedral angle of 
the planes. 

The Faces of a dihedral angle are the intersecting planes. 

The Edge of a dihedral angle is the intersection of its faces. 

The FlaiM angle of a dihedral angle is the plane angle 
formed by two straight lines, one in each plane, perpendicular 
to the edge at the same point. 

Thus, in the diagram, 
G-A B-D is a dihedral an- 
gle, CB and 2>^ are its 
faces, A Bis its edge, PH 
is its plane angle if OP 
and HP in the faces be 
perpendicular to the edge A B B.i the same point P. 

471. I'he plane angle of a dihedral angle has the same mag- 
nitude from wliatever point in the edge we draw the perpendicu- 
lars. For every pair of such angles have their sides respectively 
parallel (§ 65), and hence are equal (§ 462). 

Two equal dihedral angles, D-A B-C\ and D-A B-E', have 
corresponding equal plane angles, DAG and 
DAE, This may be shown by superposi- 
tion. 

Any two dihedral angles, G-A B-E' and 
E-A B-H', have the same ratio as their corre- 
sponding plane angles, G A E and E A H, This 
may be shown .by the method employed in jg 
§ 200 and § 201. 

Hence a dihedral angle is measured by its 
plane angle. 

It must be observed that the sides of the 
plane angle which measures the dihedral angle must be perpendic- 
ular to the edge. Thus in the rectangular solid A H, Fig. 1, the 
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dihedral angle F-B A-H, is a right dihedral angle, and is meas- 
ured by the angle C E D, if its sides C E and E Z>, drawn in 
the planes A F and A G respectively, be perpendicular to A B. 
But angle C E' U, drawn as represented in the diagram, is 
acute, while angle G" E" iy\ drawn as represented, is obtuse. 




Many properties of dihedral angles can be established which 
are analogous to propositions relating to plane angles. Let the 
student prove the following : 

1. If two planes intersect each other, their vertical dihedral 
angles are ecjual. 

2. If a plane intersect two parallel planes, the exterior- 
interior dihedral angles are equal ; the alternate-interior dihedral 
angles are equal ; the two interior dihedral angles on the same 
side of the secant plane are supplements of each other. 

3.^ When two planes are cut by a third plane, if the exterior- 
interior dihedral angles be equal, or the alternate dihedral angles 
be equal, or the two interior dihedral angles on the same side of 
the secant plane be supplements of each other, the two planes 
are parallel. 

4. Two dihedral angles are equal if their faces be respec- 
tively parallel and lie in the same direction, or opposite directions, 
from the edges. "* 

6. Two dihedral angles are supplements of each other if 
two of their faces be parallel and lie in the same direction, and 
the other faces be parallel and lie in the opposite direction, from 
the edges. 
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Proposition XVI. Theorem. 
472. If a airaight line he perpendicular to a plane 
every plane embracing the line ia perpendicular to that plau. 



\L 



2 



Let AB he pezpendicular to the plane MN, 

We are to prove any plane, FQ, emhracing AB,perpenr 
dicular to M N. 

At B draw, in the plane MN^ BC 1. to the intersection D Q. 

Since ^ ^ is ± to Jf iT, it is ± to 2) ^ and BC, § 430 

{if a straight line be ±to a plane, it is ±to every straight line in ihatplarte 
dravm through its foot). 

Now Z A B G ia the measure of the 

dihedral Z P-B Q-N. § 470 

But Z ABC issi right angle, 

.". the Z F'D Q-N is a right dihedral, 

.'.PQiaJLioMK. 

Q. E. D. 
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Proposition XVIL Theorem. 

473. If two planes he perpendicular to each other y a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 



A 



M 



L 



w- 



I 



l^et the planes MN and PQ he perpendiczilar to each 
other, and at any point B of their intersection DQ 
let BA be drawn in the plane PQ, perpendicular 
to DQ. 

We are to prove A B A. to the plane MN, 

Draw J? C in the plane MN J. to i> ^. 

Then A ABC \& 2k right angle, 

(fteiw^ the plant A of the rt. dihedral /.formed by the two planes). 

.'. il -5 is J- to the two straight lines D Q and B 0, 

.-. ^ J5 is ± to the plane M N, § 449 

(if a straight line be ±to two straight lines drawn thro^igh its foot in a 
planef it is ± to the plane). 



O. E.D. 
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Proposition XVIIL Theorem. 

474. If two planes be perpendicular to each other, a 
straight line drawn through any point of intersection per- 
pendicular to one of the planes will lie in the other plane. 



M 



AA 



^B 



J 



C 
M 



Fig. 1. 



Fig. 2. 



Let PQ (Fiff.I)2)e perpendicular to the plane MN^ CQ 
their intersection, andBA be drawn through any 
point B inCQ perpendicular to the plane 'MN. 

We are to prom that B A lies in the plane P Q. 

At the point B draw BA^ in the plane PQA^to the inter- 
section Q, 

The line BA' will be ± to the plane M N, § 472 

(if two planes ht l.to each other^ a straight liiie dravm in one of them J. to 
their intersection is 1. to the other), 

Now ^^ is J- to the plane MN\ Hyp. 

.". BA and BA' coincide, § 447 

{eii a given poiTit in a plane only one ± can be erected to (hat plane). 

But B A* lies in the plane /^ Q ; 

,\BAy which coincides with BA', lies in the plane PQ. 

Q. E. D. 

Scholium. Through a line parallel or oblique to a plane, as 
A Cy Fig. 2, only one plane can be passed perpendicular to the 
given plane. 
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Proposition XIX. Theorem. 
475. If two intersecting jalanes be each perpendicular to 
a third plane, their intersection is also perpekdicular to that 
plane. 




Let the planes BD and B C intersecting in the line 
AB be perpendicular to the plane FQ. 

We are to prove AB A^to the plane P Q, 

A perpendicular erected at B, a point common to the three 
planes, will lie in the two planes B G and B D, § 473 

(if two planes he ± to each other, a straight line dravm through any point 
of intersection ± to one of the planes will lie in the other plane). 

And, since this _L lies in both the planes, B C and B Z>, it 
must coincide with their intersection. 



.'. -4 ^ is J- to the plane P Q. 



Q. E. D. 



476. Corollary. If a plane be perpendicular to each of 
two intersecting planes, it is perpendicular to the intersection of 
those planes. 
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Proposition XX. Theorem. 

477. Every point in the plane which bisects a dihedral 
angle is equally distant from the faces of that angle, 

M 




A 

Let plane A M bisect the dihedral angle loaned by 
the planes A B and A C ; and let PE and PF be 
perpendiculars drawn from any point P in the 
plane A M to the planes A C and A 2>. 

We are to prove PE = PF. 

Through P E and P F pass a plane intersecting the planes 
AC^Ti^ABmOE^xAOF. 

JokiPO, 
Now the plane P E F is -L to each of the planes A C and 
A A § 471 

{if a straight line he 1. to a planej any plane embracing the line is ± to tkit 

pla7ie) ; 

.'.the plane PE Fia l.io their intersection AO, ^ 476 

(If a plane he 1. to each of two intersecting planes, it is ± to the intersection 
of these planes). 

,\Z POE = ZPOF, 

(being measures respectively of the equal dihedral A M-OA-C and M-OA-D). 

r.it A POE^Tt. A POF, § 110 

.'.PE = PF, 

(being homologous sides of equal ^). 

Q. E. D. 
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Supplementary Propositions. 
Proposition XXI. Theorem. 

478. The aciite angle which a straight line makes with 
its own projection on a plane is the least angle which it makes 
with any line of that plane. 

A 




Let BA meet the plane M N at B, and let BA' be its 
projection upon the plane M N, and B C any other 
line drawn through B in the plane* 

We are to prove A AB A' < Z. ABC. 

*Take BG=^BA', 

Join A G, 

In the AABA' Q.iidLABC, 

AB = AB, 

BA' = BCy 

but AA' < AC, 

(a X is the shortest distance from apoirU to aplarie). 

.\ZABA'<ZABC, §116 

{if two sides of a tS.he equal respectively to two sides of another f hut the third 
side of the first A he greater than the third side of the sec&iid, then the 
Z opposite the third side of th^ first A is greater than the Z. opposite the 
third side of the second). 

a E. D. 

Exercise. — The angle inchided by two perpendiculars drawn 
from any point within a dihedral angle to its faces, is the supple- 
ment of the dihedral angle. 



Iden. 
Cons, 
§ 448 
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Proposition XXII. Theorem. 
479. If two straight lines he not in the same plane, one 
and only one cotnmon perpendicular to the lines can be drawn. 
C E D 



Let AB and G D be two given straight lines not in 
the same plane. 

We are to prove one and only one common perpendictdar to 
the two lines can be drawn. 

Since A B and CD are not in the same plane they are 
not 11/ § 474 

(two \\s lie in the sarne plaTie). 

Through the line A B pass the plane MN^ W to CD. 

Since C J) is II to the plane MN^, all its points are equally 
distant from the plane MJV; § 432 

hence C^ ly, the projection of the line C D on the plane 
ifiV^, wHlhe 11 to CD, §76 

and will intersect the line AB at some point as C". 

'Now since C C is the line which projects the point C upon 
the plane M N, it is _L to the plane M N ] § 435 

hence C7 ^' is ± to C D' and AB, § 430 

(jfa line he _L to a plane, it is A. to every line dravm through its foot in the 

plane). 

Also, C'C'isXto CD, §67 

.'. C C \b the common X to the lines C D and A B. 

Moreover, line C C is the only common J_. 

" For, if another line EB, drawn hetween A B and CD, could 

he J_ to il ^ and C D, it would also he J_ to a line B G drawn 

II to CD in the plane if iV^, §67 

and hence J_ to the plane M N. § 449 

But EH, drawn in the plane CD' II to G C, is ± to the 

plane M N. § 457 

Hence we should have two J» from the point E to the plane 

MN, which is impossible, § 44 <' 

.'. G C is the only common -L to the lines CD and A B. 

Q. e. D. 



POLYHEDRAL ANGLES, 277 




On Polyhedral Angles. 

480. Def. a Polyhedral angle is the extent of opening of 
three or more planes meeting in a common point. 

Thus the figure S-A BC DE, 
formed by the planes A SB, 
B8C, CSD, DSE, ESA, 
meeting in the common point 
S, ia 3L polyhedral angle. 

The point S is the vertex of 
the angle. 

The intersections of the planes 
fSA, SB, etc., are its edges. 

The portions of the planes 
bounded by the edges are its faces. 

The plane angles A SB, B SO, etc., formed by the edges are 
its face angles. 

481. Def. Polyhedral angles are classified as trihedral, quad- 
rahedral, etc., according to the number of the faces. 

482. Def. Trihedral angles are rectangular, bi-rectangular, or 
tri-rectangular, according as they have one, two, or three right 
dihedral angles. 

483. Def. Trihedral angles are scalene, isosceles, or equilateral, 
according as the face angles are all unequal, two equal, or three 
equal. 

484. Def. A polyhedral angle is convex, if the polygon formed 
by the intersections of a plane with all its faces be a convex 
polygon. 

485. Def. Two polyhedral angles are equal when they can 
be applied to each other so as to coincide in all their parts. 

Since two equal polyhedral angles coincide however far their 
edges and faces be produced, the magnitude of a polyhedral angle 
does not depend upon the extent of its faces. But, in order to 
represent the angle in a diagram, it is usual to pass a plane, as 
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ABODE, cutting all its faces in the straight lines, AB, BC^ 
etc. ; and by the face A SB is meant the indefinite surface in- 
cluded between the lines SA and SB indefinitely produced. 

486. Def. Two polyhedral angles are symmetrical if they 
have the same number of faces, and the successive dihedral and 
face angles respectively equal but arranged in reverse order. 

Thus, if the edges A S, B S, 

OB' 
etc., of the polyhedral angle, e 7\ 

S-A BC Dy be produced, there is W>.w«^l.<^if 

formed another polyhedral angle, / // y*** 

S-A' B' a D, which is symmetri- 1)7^ 

cal with the first, the vertex S Sjt 

being the centre of symmetry. y^ Vx" v^ 

If we take S A' =- S A, and >//// ^ \^\ 

through the points A and A' the A^ / r / \ ^f'^x'^:^ 

parallel planes A B C D and v_-V V .V' 

A'B'G'Jy be passed, we shall B C c h 

have SB'== SB, SC'=' SO, etc. For if we conceive a third 
parallel plane to pass through S, then A A', B B', etc., are 
divided proportionally, § 469. And if any one of them be 
bisected at S, the others are also bisected at S. Hence, the 
points A', B'y etc., are symmetrical with A, B, etc. 

Moreover, the two symmetrical polyhedral angles are equal in 
all their parts. For their face angles A SB a.nd A' SB\ B SC 
and B' S C are equal each to each, being vertical plane angles. 
And the dijiedral angles formed at the edges SA and SA', SB 
and SB', are equal each to each, being vertical dihedral angles. 

Now if the polyhedral angle S-A' B' C D be revolved about 
the vertex S until the polygon A' B' CD is brought into the 
position abed, in the same plane with ABC D, it will be 
evident that while the parts. A SB, B SO, etc., succeed each 
other in the order from left to right, the corresponding equal 
parts a Sb, b Sc, etc., succeed each other in the order from rinkt 
to left. Hence the two figures cannot be made to coincide by 
superposition, but are said to be equal by symmetry. 
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Proposition XXIII. Theorem. 
The sum of any two face angles of a trihedral 
S 



487. 
angle is greater than the third. 




Let S-ABG he a txihedral angle in which the face 
angle A SO is greater than either angle ASB or 
angle ESC, 

We are to prcyoe /. ASB-^ Z BSOZ A SO. 
In the face A SO draw S D, making Z ASD = Z A SB, 
Through any point D oi S D draw any straight line ADC 
cutting A S and S G. 

TakGSB = SD. 
Pass a plane through A C and the point B, 
In the AASDsLndASB 

AS = AS, 

SjD = SB, 

ZASD = ZASB, 

.\AASD = AASB, 

.\AD = AB, 

{being h/mwlogous sides of equal ^ ). 

In the A il 567, AB-i-BOAG 

Subtract the equals A B and A D, 
Then BO DC, 

Now in the A BSC and DSC 

SB=SD, Cons. 

SC = SC, Iden. 

but BO DC, 

.'.Z BSOZ DSC §116 

.'.ZASB + Z BSC > ZASD-^ Z DSC, 
that is ZASB+ ZBSOZASC, 

Q E D 



Iden. 
Cons. 
Cons. 
§106 
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Proposition XXIV. Theorem. 

488. The sum of the face angles of any convex polyhe- 
dral angle is less than four right angles, 

S 




Let the polyhedral angle S be cut by a plane, mak- 
ing the section ABODE a convex polygon. 

We are to prove Z A S B -^ Z B S C etc, < 4 r$. A, 
From any point within the polygon draw A,OB,0Cf 

on, OK 

The number of the A having their common vertex at 
will be the same as the number having their common vertex at S. 

.'. the sum of all the A of the A having the common vertex 
at S is equal to the sum of all the A of the. A having the com- 
mon vertex at 0. 

But in the trihedral A formed at A, B, 0, etc. 

ASAE^'/.SAB>Z.OAE+Z.OAB, §487 
{the sum of any two face A of a trihedral A is greater than the third). 
and ZSBA + ZSBO>ZOBA + ZOBO. §487 

.•. the sum of the A at the bases of the A whose common 
vertex is aS' is greater than the sum of the A at the bases of tlie 
A whose common vertex is 0. 

.\ the sum of the A at S is less than the sum of the A at 0. 

But the sum of the A a.t = irt A, § 34 

.*. the s\mi of the A a.t S is less than i it, A. 

Q. E. D. 
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Proposition XXV. Theorem. 
489. An isosceles trihedral angle and its 
trihedral angle are equal. 




Let S-A B C be an isosceles tzihedral angle, having 
Z.ASB=-/.BSG. And let S-A' B' C be its sym- 
metrical trihedral angle. 

We are to prove trihedral/. S-A BC'= trihedral Z S-A'B'C, 

Eevolve Z S-A' B' C about S until SB' falls on aS'^ and 
the plane S B' A' falls on the plane SBC. 

Now the dihedral Z G-S B-A = dihedral Z A'-SB'-C, 
(being vertical dihedral ^ ). 

.'. the plane SB'C will fall on the plane SB A. 

Now ZBSG = ZBSA, Hyp. 

and Z B'SA' = ZBSA, 

{being vertical A ). 

r.'Z BSG = ZB'SA'', Ax. 1 

.-.aS'^' will fall on aS'C. 
In like manner SG' will fall on aS'^, 
,', the two trihedral A will coincide and be equal. 

Q. E. D. 
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Proposition XXVI. Theorem. 
490. Two symmetrical trihedral angles are equivalent. 

a 



A' 



B^ 




Let the trihedral /. S-ABC and A S-A' B' C he sym- 
metric ah 

We are to prove trihedral A SA BC<^* trihedral /. S-A'B'C. 

Draw D'D making the A DSA.DSC, and DSB equal 

Then AD'SA'^AB' SC' = Z. jySB', 

(being vertical A of the equal A D S A, D S C, and D SB), 

Then the trihedral A SB CB = trihedral A S-D' G'B\ § 489 
{two isosceles symmetrical trihedral A are equal). 

- And trihedral A S-DOA-= trihedral A S-D' C A', 

and trihedral AS-ADB = trihedral A S-A' U B'. 

Adding the first two equalities, the polyhedral A S-ABC D 

^ polyhedral A S-A' B'C'D', 

Take away from each of these equals the equUl trihedral 
AS-ADBQ.ndiS-A'D'B'. 

Then trihedral A S-ABC ^ trihedral A S-A' B' C. 

Q. E. D. 

491. Scholium. If D D' fall within the given trihedral 
angles these trihedral angles would be composed of three isosceles 
trihedral angles which would be respectively equal, and hence 
the given trihedral angles would be equivalent. 

♦ The symbol (^) is to be read ** equivalent to." 
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Exercises. 

1. If a plane be passed through one of the diagonals of a 
parallelogram, the perpendiculars to the plane from the extremi- 
ties of the other diagonal are equal. 

2. If each of the projections of a line A B upon two inter- 
secting planes be a straight line, the line AB \& 2l straight line. 

3. The height of a room is eight feet, how can a point in 
the floor directly under a certain point in the ceiling be deter- 
mined with a ten-foot pole ] 

4. If a line be drawn at an inclination of 45° to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point in which the inclined line pierces the plane, makes 
with the line. 

5. Through a given point pass a plane parallel to a given 
plane. 

6. Find the locus of points in space which are equally distant 
from two given points. 

7. Show that the three planes embracing the edges of a tri- 
hedral angle and the bisectors of the opposite face angles re- 
spectively intersect in the same straight line. 

8. Find the locus of the points which are equally distant from 
the three edges of a trihedral angle. 

9. Cut a given quadrahedral angle by a plane so that the 
section shall be a parallelogram. 

10. Determine a point in a given plane such that the sum of 
its distances from two given points on the same side of the plane 
shall be a minimum. 

11. Determine a point in a given plane such that the differ- 
ence of its distances from two given points on opposite sides of 
a plane shall be a maximum. 
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Proposition XXVII. Theorem. 

492, Two trihedral angles are equal or symmetrical 
when the three face angles of the one are respectively equal k 
the three face angles of the other. 




In the tiihedml A S and S\ let /. A S B = Z. A' S' F, 
Z ASG =AA'8'C', and Z BSG = ZB'S'C'. 

We are to prove tliat tJie homologous dihedral angles are eq^ial, 
and hence the trihedral angles S and S' are either equal or 
symmetrical. 

On the edges of these angles take the six equal distances 
SA,SB,SC,S'A',S'B'yS'C'. 

Draw AB,BC,AC, A'B', B'G\ A'G'. 

The homologous isosceles A SAB, S' A' B', SAG, S' A' C", 
SB G, S'B' G' are equal, respectively. § 106 



\AB,AG,BG equal respectively A' B', A' G', B' G', 
{being homologous sides ofcqiicU A). 



.'.AABG = AA'B'G\ 



§ 108 



At any point D in SA draw I) £ and Z) ^ ± to ^ J. in the 
faces A SB and ASG respectively. 

These lines meet A B and A G respectively, 
{siTice the A SAB and SAC are acutc^ each being one of the equal A of an 
isosceles A). 

Join EF. ' 

Oti S' A' i^\Q A' D' -=- A D. 
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Draw D' E' and !> F' in the faces A' S' B' and A' &' C re- 
spectively X to S' A', and join E' F. 
Imthert. A A D E diji^ A' ly E' 

AD^A'iy, Cons. 

ZDAE = Z D'A'E', 
{beiitg homologmis A of the eqiuil ^ SAB and Sf A^ B'), 

.-.rt. AADE'=i^. AA'iyE', § 111 

.-. AE=A'E' md D E = D' E', 
{being homologous sides of equal A). 

In like manner we may prove AF = A' F' and DF=%D'F, 

Hence in the A ^ ^^ and ^' E' F' we have 

A E and A F= respectively A' E' and A' F, 

and Z. EAF=Z. E'A'F, 

{being homologous A of the equal ^ ABC and Af B' C), 

.\AAEF=A A'E'F, § 106 

.-. EF= E' F 
{being horrwlogou^s sides of the equal ^ AEF and Af W P), 

Hence, in the A E D F oiA E' !> F we have 

EDyDFyQ.ndEF= respectively E' D'y D' F, and E' F, 

.\AEDF = AEiyF, §108 

.'.Z EnF=Z FUF, 

(peing hmnologous A of equal A). 

.-. the dihedral Z B-A S-C = dihedral Z B'^A' 8-0, 
{since A E D F and £f Z>' F, the Pleasures of these dihedral A^ are equal). 

In like manner it may be proved that the dihedral 
A A-B S-C and A-G SB are equal respectively to the dihedral 
A A'-B'S'-C and A'-C S'-B'. 

Q. E. D. 

This demonstration applies to either of the two figures de- 
noted by aS^'-^' B' C, which are symmetrical with respect to each 
other. If the first of these figures be given, S and S' are equal, 
for they can be applied to each other so as to coincide in all their 
parts. If the second be given, S and aS'' are symmetrical. § 486 
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General Definitions. 



493. Def. a Polyhedron is a solid bounded by four or 
more polygons. 

A polyhedron bounded by four polygons is called a tetror 
hedron; by six, a hexaJiedron ; by eight, an octahedron; by twelve, 
a dodecahedron; by twenty, an icosahedron. 

494. Def. The Faces of a polyhedron are the bounding 
polygons. 

495. Def. The JSdges of a polyhedron are the intersec- 
tions of its faces. 

496. Def. The Vertices of a polyhedron are the intersec- 
tions of its edges. 

497. Def. A Diagonal of a polyhedron is a straight line 
joining any two vertices not in the same face. 

498. Def. A Section of a polyhedron is a polygon formed 
by the intersection of a plane with three or more faces. 

499. Def. A Convex polyhedron is a polyhedifon every 
section of which is a convex polygon. 

500. Def. The Volume of a polyhedron is the numerical 
measure of its magnitude referred to some other polyhedron as a 
unit of measure. 

501. Def. The polyhedron adopted as the unit of measure 
is called the Unit of Volume, 

502. Def. Similar polyhedrons are polyhedrons which 
have the same form. 

503. Def. Equivalent polyhedrons are polyhedtons which 
have the same volume. 

504. Def. ^gwaZ polyhedrons are polyhedrons which have 
the same /orw and volume. 

On Prisms. 

505. Def. A Prism is a polyhedron two of whose faces 
are equal and parallel polygons, and the other faces are parallelo- 
grams. 
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506. Def. The Bases of a prism 
are the equal and parallel polygons. 

607. Def. The Latet^al faces of 
a prism are all the faces except the 




OBLIQUE PRMM. 



508. Def. The Lateral or Coti^ 
vex Surface of a prism is the sum of 
its lateral faces. 

609. Def. The Lateral edges 
of a prism are the intersections of its 
lateral faces; the Basal edges of a 
prism are the intersections of the bases 
with the lateral faces. 

510. Def. Prisms are triangular ^ quadrangular, perUag- 
onaly etc.^ according as their bases are triangles, quadrangles, 
pentagons, etc. 

511. Def. A Right prism is a prism whose lateral edges 
are perpendicular to its bases. 

512. Def. An Oblique prism is a prism 
whose lateral edges are oblique to its bases. 

513. Def. A Regular prism is a right 
prism whose bases are regular polygons, and 
hence its lateral faces are equal rectangles. 

514. Def. The Altitude of a prism is 
the perpendicular distance between the planes 
of its bases. The altitude of a right prism is 
equal to any one of its lateral edges. 

616. Def. A Truncated prism is a por- 
tion of a prism included between either base 
and a section inclined to the base and cutting 
all the lateral edges. 

516. Def. A Right section of a prism is a section perpen- 
dicular to its lateral edges. 

517. Def. A Parallelopiped is a prism whose bases are 
parallelograms. 

518. Def. A Right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to its bases ; hence its lateral faces 
are rectangles. 

519. Def. An Oblique parallelopiped is a parallelopiped 
whose literal edges are oblique to its bases. 

520. Def. A Rectangidar parallelopiped is a right paral- 
lelopiped whose bases are rectangles. 

521. Def. A Cube is a rectangular parallelopiped all of 
whose faces are squarea 
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Proposition I. Theorem. 
522. The sections of a prism made by parallel plana 
are equal polygons. 




Let the piism A D be intersected by the parsdlel 
planes GE, G' K!. 

We are to prove section G HIKL = section G' H' V E! L'. 

GHy HI, IK, etc., are paraUel respectively to G* H', H'T, 
I'K\ etc., §465 

(the intersectioTis of two II planes by a third plane are II lines). 

,\ AGRI, RIKy etc., are equal respectively to AG' ff I'y 

i/'/'^', etc., §462 

{pwo A n^t in the same plane, having their sides respectively parallel ond 
lying in the same direction, are equal). 

Also, sides GH, HI, IK, etc., are equal respectively to 
G' H, H I, r K, etc., §135 

( II lines comprehended between II lines are equal). 

.'. section GHIKL^ section G' H' I' K' L', § 155 
if)eing mviually equiangular and equilateral). 

Q. E. D. 

523. Corollary. Any section of a prism parallel to the 
base is equal to the base ; and all right sections of a prism aw 
equal 
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Proposition II. Theorem. 
524. The lateral area of a jprism is equal to the product 
of a lateral edge by the perimeter of the right section. 

Ef 




Let GHIKL be a right section of the piism AD', 

We are to prove lateral area of prism AD' =^ AA' X perim- 
eter GHIKL. 

Consider the lateral edges A A', B B', etc., to be the bases 
of the m AB', B G', etc., which form the convex surface of the 
prism. 

Then the altitudes of these HI will be the J« (?Zr, HI, 
/JT, etc., 

and the area of each O is the product of its base and alti- 
tude. § 321 
Now the bases of these UJ are all equal, § 464 
( il lines comprehended between II planes are equal) ; 
and the sum of the altitudes GH, HI, IK, etc., is the perimeter 
of the right section. 

Hence, the sum of the areas of these UJ is the product of a 
lateral edge AA'hy the perimeter of the right section. 

That is, the lateral area of the prism is equal to the product 
of a lateral edge by the perimeter of a right section. 

Q. E. D. 

525. Corollary. The lateral area of a right prism is equal 
to the altitude multiplied by the perimeter of the base. 
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Proposition III. Theorem. 

526. Two prisms are equal if the three faces including 
a trihedral angle of the one be respectively equal to the three 
corresponding faces including a trihedral angle of the other y 
and similarly placed, 

J X 




Let AD, AG, A J, be respectively equal to A^jy, £&, 

A' J', ahd similarly placed. 

We are to prove prism A 1 = prism A' I', 

Now trihedral Z A == trihedral Z A\ § 492 

(two trthedrals are equal, when the three faxx A of the &ne are equal respec- 
tively to the three face A of the other and are similarly placed). 

Apply trihedral Z Aio trihedral Z A'. 

Then the base A D will coincide with the base A' ly^ 

face A G with A' G', 

and face A J with A' J' ; 

.-. FG will coincide with F' G', and i^ J' with F J^. 

.'. the upper bases, i'^/and F' I', will coincide, 
(beiTig equal polygons, since they are equal to the equal lower bases), 

.*. the remaining edges will coincide, 

(their extreviities being the same points). 

,\ the prisms will coincide and be equal. 

Q. E. D 

527. Corollary 1. Two truncated prisms are equal, if 
the three faces including a trihedral of the one be respectively 
equal to the three faces including a trihedral of the other, and 
be similarly placed. 

528. Cor. 2. Two right prisms having equal bases and 
altitudes are equal. If the faces be not similarly placed, if one 
be inverted, the faces will be similarly placed and the prisms can 
be made to coincide. 
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Proposition IV. Theorem. 

529. An oblique prism is equivalent to a right prism 
ichose bases are equal to right sections of the oblique prism, 
and whose altitude is equal to a lateral edge of the oblique 
prism. 




B C 

Let A D* be an oblique ptism, and FI a light section. 

Complete the right prism F I'y making its edges equal to 
those of the oblique prism. 

We are to prove oblique prism AL' ^^ right prism. FI', 

In the prisms A I and A' I' 

trihedral Z -4 = trihedral Z A', •§ 492 

{pwo trihedrals are eqiuil when three fau A of the one are respectively eqtuil 
to three face A of the other, and are similarly pladd), 

N'ow face AD^ face A' />', § 505 

{being the two bases of the oblique prism A Df) ; 

face A J"^ face A' J', Cons. 

and face AG = face A' G', Cons. 

.*. prism AI=^ prism A' /', § 527 

{ttoo truncated prisms are equal when die three faces including a trihedral 
of tJie OTie are respectively equal to the three faces including a trihedral 
of the other J and are similarly placed). 



To each of these equal prisms add the prism FD'. 
Then oblique prism A D' o right prism FT, 



aE. D. 
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Proposition V. Theorem. 

530. Any two opposite faces of a parallelojpiped are 
equal and parallel. 




Let AG be & paiallelopiped. 
We are to prove faces A F and D G eqwU and parallel. 

Since ^ 6^ is a O, § 517 

A B and D C are equal and II lines. § 126 

Also, since -4 ^ is a O, § 505 

A E and T> H are equal and II lines. § 125 

.\AEAB^Z.EDCy §462 

(pwo A not in the same plane having their sides II and lying in the same 
direction are eqtuU). 

.-. face AF^{3iQeI)G. ^ § UO 

Moreover, face A F is W to DG, § 463 

(if two A not in the same plane have their sides II and lying in the same 
direction their planes are parallel ). 

In like manner we may prove A H and B G equal and par- 
allel. 

Q. E. D. 

631. Scholium. Any two opposite faces of a parallele- 
piped may be taken for bases, since they are equal and parallel 
parallelograms. 
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Proposition VI. Theorem. 

532. The plane passed through two diagonally opposite 
edges of a parallelopiped divides the parallelopiped into two 
equivaleait triangular prisms. 




Let the plane A EGC pass through the opposite edges 
A E and C G of the parallelopiped A G. 

We are to prove that the parallelopiped A G is divided into 
two equivalent triangular prisms, A B C-F, and A D C-H. 

Let IJ K L be a right section of the parallelopiped made 
by a plane _L to the edge A E. 

The intersection I K oi this plane with the plane A EGC 
is the diagonal of the O IJ K L. 

.\AIKJ = AIKL. § 133 

But prism A B C-F is- equivalent to a right prism whose 
base is IJK and whose altitude \s A E, § 529 

{any oblique prism is '^ to a right prism whose hoses are equal to right sec- 
tions of the oblique prism, and whose altitude is equal to a lateral edge 
of the oblique prism). 

The prism A D C-H is equivalent to a right prism whose 
base is ILK, and whose altitude \& AE. § 529 

Now the -two right prisms are equal, § 528 

{two right prisons having equal bases and altitude are equal). 

.\ABCF^ADC-H. 

Q. E. D. 
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Proposition VII. Theorem. 

533. Two rectangular parallelqpipeds having equal bases 
are to eaci other as their altitvdes. 



B 



L 



a* 



pi 



/ 



7> 



L 



L 



7 



7 



1 



Let AB and A'B' be the altitudes of the two rectangu- 
lar parallelopipeds, P, and P', having equal bases. 

w * P AB 

We are to prove — = . 

^ P* A'B' 

Case I. — When A B and A' £f are commensurable. 

Find a common measure m, of AB and A' B'. 
Suppose m to be contained in A B 5 times, and in A' B' 
3 times. 

AB 5 
A'B''^3' 

At the several points of division on ^ ^ and A'B' pass 
planes _L to these lines. 

The parallelopiped P will be divided into 5, 

and P' into 3, paraUelopipeds equal, each to each, § 528 

(two rigM prisms having equal bases and altitudes are eqttal). 

P__5 

P'~'S' 

. P ^AB 

*'P' A'B'' 



Then we have 



Then 
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D 



Case II, — When A B and A' B' are ificommensurable. 
B^ 



S 



\ 



t 



ii 



\ 



\ 



\ 



^ 



^ 



Let A Bhe divided into any number of equal parts, 

and let one of these parts be applied to -4' jB' as many times 
as A^ B' win contain it. 

Since A B and A' B' are incommensurable, a certain number 
of these parts will extend from A' to a point D, leaving a re- 
mainder D B' less than one of these parts. 

Through D pass a plane J_ to A' B', and denote the parallel- 
opiped whose base is the same as that of F', and whose altitude 
]&A'DhyQ. 

Now, since A B and A' D 9.xq commensurable, 

Q :P = A'I) :AB. (Case I.) 

Suppose the number of parts into which ^ j5 is divided to 
be continually increased, the length of each part will become less 
and less, and the point I) wiU approach nearer and nearer to B^, 

The limit of Q wiU be F", 

and the limit of A' D wiU be A'B', 

.-. the limit oi Q : F will be P' : P, 

and the limit oi A' D : A B will be A' B' : A B, 

Moreover the corresponding values of the two variables Q : F 
and A' D : A B are always equal, however near these variables 
approach their limits. 

.-. their limits F' : F = A' B' \ A B. § 199 

Q. E. D. 

534. Scholium. The three edges of a rectangular paraUelo- 
piped which meet at a common vertex are its dimensions. Hence 
two rectangular parallelepipeds which have two dimensions in 
common are to each other as their third dimensions. 
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Proposition VIII. T5borem. 

635. Two rectangular parallelojpipedB having equal alii' 
tudes are to each other aa their bases. 




Let a, h, andc, and a\ hl^ c, be the three dimensions re- 
spectively of the two rectangular parallelopipeds 
P and F, 

Tir u P a X b 
We are to prove --. = 

Let © be a third rectangular parallelopiped whose dimen- 
sions are a', h and c. 

Now Q has the two dimensions h and c in common with P, 
and the two dimensions a' and c in common with P', 

Then - = -, §534 

Q a'' ^ 

(tvx) rectangular paralle/opipeds which have ttoo dimensions in common are 
to each other as their third dimensions) ; 

P' ~ 6' ' 
Multiply these two equalities together ; 

P _ aXb 
P' 



and 



then 



§534 



a'Xhl 



Q. E. D. 



536. Scholium. This proposition may be stated thus : two 
rectangular paraUelopipeds which have one dimension in common 
are to each other as the products of the other two dimensions. 
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Proposition IX. Theorem. 

637. Any two rectangular parallelopipeds are to each 
othef as the products of their three dimensions. 




Let a, h, c, and a,' h', d, be the three dimensions respec- 
tively of the two rectangular parallelepipeds P 
and F. 



We are to prove 



aXhXc 
a'Xb'Xc'' 



Let § be a third rectangular parallelepiped whose dimen- 
sions are a, 6, and d. 

Then J=i, §534 

Q d 

(two rectarigular parallelopipeds which have two dimensions in common are 

to each other as their third dimensions) ; 



and 



p' 



aXh 



§536 



a'Xy' 

{tVH) rectangular parallelopipeds which have one dimension in common are to 
each other as the products of their other two dimensions). 

Multiply these equalities together ; 

aXhXc 



then 



P 



a'Xb'Xd 



Q. E. D. 
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Proposition X. Theorem. 
538. The volume of a rectangular parallelopiped is equal 
to tie product of its three dimensions, the unit of volume being 
a cube whose edge is the linear unit. 




^m. 



/ 



V. 



1 



Let a, b, and c be the three dimensions of the rectan- 
gular parallelopiped F, and let the cube U be the 
unit of volume. 

We are to prove volume of P = aX bX c. 
P aXbXc 
W^ IXIXT 



§537 



p 

But — is the volume of P ; 

.'. the volume of P = a X 6 X c. 



1500 



Q. E. D. 



539. Corollary I. Since a cube is a rectangular parallele- 
piped having its three dimensions equal, the volume of a cube is 
equal to the third power of its edge. 

540. Cor. II. The product aX b represents the base when 
c is the altitude ; hence : The volume of a rectangular parallelo- 
piped is equal to the product of its base by its altitude. 

641. Scholium. When the three dimensions of the rec- 
tangular parallelopiped are each exactly divisible by the Imear 
unit, this proposition is rendered evident by dividing the solid 
into cubes, each equal to the unit of volume. Thus, if the three 
edges which meet at a common vertex contain the linear unit 
3, 4 and 5 times respectively, planes passed through the several 
points of division of the edges, and perpendicular to them, will 
divide the solid into cubes, each equal to the unit of volume ; 
and there will evidently be 3 X 4 X 5 of these cubes. 
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Proposition XL Theorem. 
542. The volume of any parallelopiped is equal to the 
product of its base by its altitude. 




KB J 

Let ABC D-F be a parallel opiped having: all its faces 
oblique, and H R its altitude, 

Wearetoprov€ABCD-F = ABCD X H R. 

By making the right section HUN and completing the 
parallelepiped IIIJN-GLKM we have a right parallelepiped 
equivalent io, ABC D-F. § 529 

{an oblique prism is equivalent to a right prism, whose base is a right section 

of the obliqu€ prism and whose altitude is eqiial to a lateral edge of 

the (Clique prism). 

Through the edge IL make the right section ILFO,SLnd 
complete the right parallelepiped IL F 0-HGQ R, and we have 
a rectangular parallelepiped equivalent to U IJ N-G L K M, §529 

and hence equivalent to A BC D-F. 

Kow EJ ILGH^O EFGH, 

O OPQR^{n ILGH)-=n JKMN] 

and O ABCD = n EFGH. 

.\n OFQR^O ABCD. 

Moreover, the three parallelepipeds have the common alti- 
tude HR. 

But OFQR-ILGH^OFQRX HR; §640 

.-. ABCI)-F = A BCDX HR. 

Q. E. D. 



§322 
§530 
§5'30 
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Proposition XII. Theorem. 
543. The volume of any prism is equal to the product 
of its base by its altitude. 



Df 



A* 




Case I. — When the base is a triangle. 
Let V denote the volume, B the base, and H the 
altitude of the tiiangular prism AEC-E', 
We are to prove V = B X H, 

Upon the edges A E, EC, E E', construct parallelepiped 
A E O T^-W^ 

Then ' A EC-E -> ^ A EC I)-E\ §532 

{the plane passed thrcnigh two diagonally opposite edges of a parallelepiped 
divides it into two equivalent triaiigular prisms), . 

and AEC = iAECD. §133 

But AECD-E = 2BXff, §542 

(the volume of any parallelopiped is eqtuil to the product of its base by its 

altitiide). 

.-. r=^{2BX H)=-BXH. 

Case II. — When the base is a polygon of more than three sides. 

Planes passed through the lateral edge A A', and the several 
diagonals of the base will divide the given prism into triangular 
prisms, 

which have for a common altitude the altitude of the prism. 

Hence, the volume of the entire prism is the product of the 
sum of their bases by the common altitude ; 

that is the entire base by the altitude of the prism. 

544. Corollary. Prisms having equivalent bases are to 
each other as their altitudes ; prisms having equal altitudes are 
to each other as their bases ; and any two prisms are to each 
other as the product of their bases and altitudes. Any two 
prisms having equivalent bases and equal altitudes are equivalent. 
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Proposition XIII. Theorem. 
545. The four diagonals of a parallelopiped bisect each 

\ H 



Let AG, EC, BE, and FD, be the tour diagonals of 
the parallelepiped A G. 
We are. to prove these fovr diagonals bisect each other. 

Through the opposite and II edges A E and C G pass a plane 
intersecting the II bases in the II lines A C and E G, 

The section ACG E\sQ,n, 

{having Us opposite sides II ) ; 

.'. its -diagonals AG and EC bisect each other in the 
point 0. § 138 

In like manner a plane passed through the opposite and II 
edges FG and AD will form ^EJ AFGD, 

whose diagonals A G and F D will bisect each other in the 
point 0. § 138 

Also, a plane passed through the opposite and II edges EH 
and B C wiU form d.O EBGH, 

whose diagonals E C and B H will bisect each other in the 
point 0. 

•\ the four diagonals bisect each other at the point 0. 

Q. E. D. 

546. Corollary. The diagonals of a rectangular parallelo- 
piped are equal. 

547. Scholium. The point 0, in which the four diagonals 
intersect, is called the centre of the parallelopiped ; and it is evi- 
dent that any straight line drawn through the point and 
terminated by two opposite faces of the parallelopiped is bisected 
at that point. Hence is the centre of symmetry. 
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On Ptbamids. 

548. Def. a Pyramid is a polyhedron one of whose feces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex and the sides of the polygon for bases. 

549. Dep. The Base of a pyramid is the face whose sides 
are the bases of the triangles having a common vertex. 

550. Def. The Lateral faces of a pyramid are all the feces 
except the base. 

551. Def. The Lateral surface of a pyramid is the sum of 
its lateral faces. 

552. Def. The Lateral edges of a pyramid are the intersec- 
tions of its lateral faces. 

553. Def. The Basal edges of a pyramid are the intersec- 
tions of its base with its lateral faces. 

654. Def. The Vertex of a pyramid is the common vertex 
of its lateral faces. 



555. Def. The Altitude of a 
pyramid is the perpendicular distance 
from its vertex to the plane of its 



Thus, V-A B C DUis a pyramid ; 
^^CZ>i5^is its base; A VB,BVC, 
etc. are its lateral faces, and their sum 
is its lateral surfece ; V A, V B, etc. 
are its lateral edges ; AB,BC, etc. 
its basal edges ; V is its vertex ; TO is its altitude. 
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556. De#. a Regular pyramid is a pyramid vhose base is 
a regular polygon, and whose vertex is in the perpendicular to 
the base at its centre. 

557. Dep. The Axis of a regular pyramid is the straight 
line joining its vertex with the centre of the base. 

558. Def. The Slant height of a regular pyramid is the 
altitude of any lateral face. 

559. Dep. A pyramid is triangular, quadrangular, pentag- 
onal, etc.^ according as its base is a triangle, quadrilateral, 
pentagon, etc. A triangular pyramid formed by four faces (all 
of which are triangles) is a tetrahedron. 

560. Dep. A Truncated pyramid is 
the portion of a pyramid included be- 
tween its base and a section cutting all 
its lateral edges. 

561. Dep. A -Fn^^wm of a pyramid 
is a truncated pyramid in which the cut- 
ting section is parallel to the base. 

562. Def. The base of the pyramid 

is called the Lower base of the frustum, and the parallel sec- 
tion, its Upper base. 

563. Dep. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

564. »Dep. The lateral faces of a frustum of a regular pyra- 
mid are the trapezoids included between its bases ; the lateral 
surface is the sum of the lateral faces ; the Slant height of a 
frustum of a regular pyramid is the altitude of any lateral face. 
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Proposition XIV. Theorem. 

565. If a pyramid he cut hy a plane parallel to its base, 
I. TAe edges and altitude are divided proportionally ; 
II. The section is a polygon similar to the base. 




I. 



Let the pyramid V-A B C D E, whose altitude is VO, 
be cut by a plane ahcde parallel to its base, in- 
tersecting the lateral edges in the points a, 6, c, d, e, 
and the altitude in o. 

We are to prove 

Va r6 Vo . 

VA'^ VB VO' 

II. The section ahcde similar to the base ABODE, 

I. Suppose a plane passed through the vertex V II to the base. 

Then the edges and the altitude will be intersected by three 
II planes. 

" VA~ VB VO' 

(if straight lines be intersected by three II planes, their corresponding segments 
are proportional), » 

f I. The sides ah, he etc. are parallel respectively to AB, B C, 

etc., § 465 

(flie intersectioTis of II planes by a third plane are II lines) ; 

.*. A a he, hcd etc. are equal respectively to ^ ABC, 

BCD etc., §462 

{if two A not in the same plane have their sides respectively 11 and lying in 

the same direction^ they are equal). 

,'. the two polygons are mutually equiangular. 



§469 
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Also, since the sides of the section are II to the conespond- 
ing sides of the base, 

A Vaby Vhc etc. are similar respectively to A VAB, 
VB C etc. 

" AB'~\Vb)'^ BC^Kvc)'^ CD^ ' 

,'. the polygons have their homologous sides proportional; 

.*. section abode \b similar to the base ABODE. § 278 

Q. E. D. 

566. Corollary 1. Any section of a pyramid, parallel to 
its base is to the base as the square of its distance from the ver- 
tex is to the square of the altitude of the pyramid. 



Since ^=(_^)=^ 

vo \vb) ab 

Squaring =2 — j^ • 



a b c d e a b 

(similar polygons are to each other as the squares of their homologous sides), 
abode V o 



''ABODE YO^' 

567. Cor. 2. If two pyramids having equal altitudes be cut 

by planes parallel to their bases, and at equal distances from 

their vertices, the sections will have the same ratio as their bases. 

— 2 
abode V 
For 



and 



Now, since Vo = F' 0' , and F = F 0^, ' 
abode '.ABODE : -.a'Vd -.A'B'O'. 
Whence a6c^c :a'6V.: : A B D E : A' B' 0'. § 262' 
568. Cor. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 



ABODE 


V(/ 


a>y d 


Vo'' 


A'B'C'~ 


V'O''^' 
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Proposition XV. Theorem. 
569. The lateral area of a regular pyramid is equal to 
one-halfthe product of the perimeter of its base by its slant 
height. 




Let V'ABCDE be a regular pyramid, and VH its 
slant height. 

We are to prove the sum of the faces VAB, VBC, etc. = J 
{AB+ BCeiM.) X VH, 

Now AB = BC^CD, etc., § 363 

{being sides of a regular polygon), 

VA=VB=VC,etG., §450 

(obliqiie lines drawn from any point in a ± to a plane at eqiuU distances 
from the foot of the ± are equal). 

.'.A VAB, VBC, etc. are equal isosceles A, § 108 
whose bases are the sides of the regular polygon and whose 
common altitude is the slant height V H. 

Now the area of one of these A, as VAB,= ^ base AB X 
altitude VH, § 324 

.*. the sum of the areas of these A, that is, the lateral area 
of the pyramid, is equal to ^ the sum of their bases 
(AB + BC-\- CD, etc.) X Vff. 

Q.E. D. 

570. Corollary 1. The lateral area of the frustum of a 
regular pyramid^ being composed of trapezoids which have for 
their common altitude the slant height of the frastum^ is equal to 
one-half the sum of the perimeters of the bases miUtiplied by the 
slant height of the frustum. 

571. Cor. 2. The dihedral angles formed by the intersec- 
tions of the lateral faces of a regular pyramid are all equal. § 492 
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Proposition XVI. Theorem. 
572. Two triangular pyramids having equivalent baaes 
and equal altitudes are equivalent. 




Let S-ABC and S'-A' B' C be two tiianffular pyramids 
having equivalent bases ABC and A' B'C situated 
in the same plane, and a common altitude A X, 
We are to prove 8-A B C =0= S'-A' B' C. 
Divide fhe altitude A X into a number of equal parts, 
and through the points of division pass planes II to the 

planes of their bases, intersecting the two pyramids. 

In the pyramids S-A B C and S'-A' B' C inscribe prisms 

whose upper bases are the sections DBF, G H I, etc., D' E' F'^ 

The corresponding sections are equivalent, § 568 

{ifttoo pyramids have equal altitudes and equivalent bases, sections made by 
planes II to their bases and at equal distances from their vertices are 
equivalent). 

.'. the corresponding prisms are equivalent, § 544 

(prisms having equivalent boMS and equal altitudes are equivalent). 

Denote the sum of the prisms inscribed in the pyramid 
S'A B C, and the sum of the corresponding prisms inscribed in 
the pyramid S'-A' B' C by V and V respectively. 

Then r= F'. 

Now let the number of equal parts into which the altitude 
A X is divided be indefinitely increased ; 

The volumes V and F' are always equal, and approach to 
the pyramids S-A B and S'-A' B' C respectively as their limits. 

Hence S-ABC-> S'-A' B' C. § 1 99 

Q. E. D. 
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PROPo.iiTiON XVII. Theorem. 

573. The volume of a triangular pyramid is eqtial to one- 
third of the prodtict of its base and altitude. 




Let S'ABCbe a tiiang:ulaT pyramid, and Hits altitude. 

We are to prove S-ABC^\ABCXH. 

On the base -4 ^ C construct a ^lismABC-SED, having its 
lateral edges II to SB and its altitude equal to that of the pyramid. 

The prism will be composed of the triangular pyramid 
S-A B C and the quadrangular pyramid S-A C D E. 

Through S A and S D pass a plane SAD, 

This plane divides the quadrangular pyramid into the two 
triangular pyramids, S-A C D and S-A E D , which have the same 
altitude and equal bases. § 133 

,\S-AGD^SAED, §572 

{pwo trixmgular pyramids having equivalent hoses and equal altitudes are 
equivalent). 

Now the pyramid S-A E D may be regarded as having 
ESD for its base and A for its vertex. 

.-. pyramid S-AED^ pyramid S-A BC, § 572 

{having equal hoses SED and ABC and the same aUUude). 

.', the three pyramids into which the prism A B C-S ED is 
divided are equivalent. 

.'. pyramid aS"-^ B Cis equivalent to ^ of the prism. 

But the volume of the prism is equal to the product of its 
base and altitude ; § 543 

,\S-ABC = \ABCX H. 

Q. E. D. 
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Proposition XVIII. Theorem. 
574. The volume of any pyramid is equal to one-tAird 
the product of its base and altitude. 



Let S-A BODE be any pyramid. 

We are to prove S-A B GDE= \ABCDEXSO. 

Through the edge SD, and the diagonals of the base DA, 
D B, pass planes. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 

and whose common altitude is the altitude SO of the 
pyramid. 

The volume of the given pyramid is equal to the sum of the 
volumes of the triangular pyramids. 

But the sum of the volumes of the triangular pyramids is 

equal to J the sum of their bases multiplied by their common 

altitude, § 573 

{the volume of a triangular pyramid is equal to one-third the product of its 

hose and altitude), 

that is, the volume of the pyramid S-A BC D E == ^ 
ABCDExSO. 

Q. E. D. 

575. CoROLL:.rY. Pyramids having equivalent bases are to 
each other as their alti!; :les ; pyramids having equal altitudes 
are to each other as their bases. Any two pyramids are to each 
other as the products of their bases and altitudes. 

576. Scholium. The volume of any polyhedron .may be 
found by dividing it into pyramids, and computing the volumes 
of these pyramids separately. 
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Proposition XIX. Theorem. 

577. Two tetrahedrons having a trihedral angle of the 
one equal to a trihedral angle of the other are to each other as 
the products of the three edges of these trihedral angles* 




Let V and V de'hote the volumes of the two tetza- 
hedrons DA B C, DA B' C'y having the tzihedrsd A 
of the one equal to the tzihedral A of the other, 

^ , V AB X ACX AD 

We are to prove -- = — -— 

^ V AB'XAC'XAD' 

Place the tetrahedrons so that their equal trihedral A shall 
be in coincidence. 

Consider ABC and A B' C the bases of the two tetrahe- 
drons, 

and from D and D* draw D and D' 0' ± to the base ABG, 

^ V ABC X BO ABG DO ^ ... 

Now — = : = X 1 § 575 

P AB'C'XD'O' AB'C D'O' * 

{awj two pyramids are to each other as the prodiuUs of their bases and 

altitudes). 



But 



and 



ABC 

AB'C' 



ABXAC 



AB'XAC 
DO AD 



D' 0' A D' ' 
(jmivg honaologous sides of the similar A ADO and AB^ (f). 



;34i 



§278 






ABXACXAD 
AB'XAC'XAD'' 



Q. E. D. 
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Exercises. 

1. Given a cubical tank holding one ton of water ; find its 
length in feet, if a cubic foot of water weigh 1000 ounces. 

2. At 17 cents a square foot, what is the cost of lining with 
zinc a rectangular cistern 5 ft. 7 in. long, 3 ft. 11 in. broad, 2 ft. 
8^ in. deep 1 

3. Find the side of a cubical block of cast iron weighing a 
ton, if iron weigh 7.2 as much as water, and a cubic foot of 
water weigh 1000 ounces. 

4. How many cubic yards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long, and 100 
yards wide ; the walk to be 3 feet wide and the gravel 3 inches 
deep 1 

5. The volume of a rectangular solid is the sum of two cubes 
whose edges are 10 inches and 2 inches respectively, and the 
area of its base is the difference between 2 squares whose sides 
are 1^ feet and 1| feet respectively; find its altitude in feet. 

6. A rectangular cistern whose length is equal to its breadth is 
22 decimetres deep, and contains 10 tonneaux of water ; find its 
length. 

7. Given a regular prism whose base is a regular hexagon in- 
scribed in a circle 6 metres in diameter, and whose altitude is 
8.7 metres ; find the number of kilolitres it will contain, if the 
thickness of the walls be 1 decimetre. 

8. A pond whose area is 11 hectares, 21 ares, 22.2 centares, 
is covered with ice 21 centimetres thick. What is the weight of 
this body of ice in kilogrammes, the weight of ice being 92 % 
that of water. 

9. Given two hollow oblique prisms, whose interior dimen- 
sions are as follows : the area of a right section of the first is 18 
sq. ft., of the second 2.1 sq. metres ; a lateral edge of the first is 
9 ft., of the second 2.1 metres ; find the volume of each in cubic 
yards, cubic metres, cubic decimetres, and cubic centimetres; 
find the capacity of each in gallons and litres, in bushels and 
hectolitres ; and find the weight of water in pounds and in kilo- 
grammes, required to fill each prism. 
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Proposition XX. Theorem. 

578. The frustum of a triangular pyramid is equivalent 
to the sum of three pyramids whose common altitude is the 
altitude of the frustum and whose bases are the lower base, 
the upper base, and a m^an proportional between the two bases 
of the frustum, ^ 




Let B and h denote the lower and upper bases of the 
frustum ABC-DEF, and H its altitude. 

Through the vertices A, E, C and E, D, C pass planes 
dividing the frustum into three pyramids. 

Now the pyi-amid E-A B C has for its altitude H, the alti- 
tude of the frustum, and for its base B, the lower base of the 
frustum. 

And the pyramid C-E D F has for its altitude H, the alti- 
tude of the frustum, and for its base 5, the upper base of the 
frustum. Hence, it only remains 

To prove E-A D G equivalent to a pyramid, having for its 
altitude H, and for its base \B X b. 

E-A B and E-AD (7, regarded as having the common ver- 
tex C, and their bases in the same plane B D, have a common 
altitude. 

.\E-ABG :E-ADC : lAAEB lAAED. §575 

(pyramids having eqtuil altitvdes are to each other a^ their bases). 

Now since the AA EB and AE D have a common altitude, 
{that is, the altitude of the trapezoid ABED), 

we have A A E B : A AEB : : A B : DE, §326 
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.\ E-A B C : E-A D C .1 A B I D E. 

In like manner E-A D C and E-D F (7, regarded as having 
the common vertex E and their bases in the same plane D (7, 
have a common altitude. 

.\E-ADC \E-DFC : : A ADC : IH^ D FC. § 575 

But since the A. A DC and D FC have a common altitude, 
(the altitude of the trapezoid A CFD\ 

wehave A A DC : A D FC : : A C : D F. §326 

Now - A Z>^/'i8similarto A^^C, §565 

(the section of a pyramid made by a plane W to the base is a polygon similar 
to the base) ; 

r.ABiDE: lACiDF. § 278 

.\E-ABC :EADC : lEADC lE-DFC. 
Now E-ABC=^^ HXB, §573 

and E-DFC=C-EDF=^HXb. §573 

.-. EABC=^ yJ^HXBX^HXh = \H ^BXl>. 

Q. E. D. 

579. Corollary 1. Since the volume of the frustum is de- 
noted by F, the lower base by B, the upper base by b, and the 
altitui^e by ffy 

we have V^^UXB-^-^ffXh-hlEX ^WXh 
,=^\HX{B+h-^ ^TXb). 

580. Cor. 2. The frustum of any pyramid is equivalent to 
the sum of three pyramids whose common altitude is the altitude 
of the frustum^ and whose bases are the lower ba>se, the upper base^ 
a7id a mean proportional between the bases of the frustum. 

For the frustum of any pyramid is equivalent to the corre- 
sponding frustum of a triangular pyramid having the same alti- 
tude and an equivalent base (§ 578) ; and the bases of the frustum 
of a triangular pyramid being both equivalent to the correspond- 
ing bases of the given frustum, a mean proportional between the 
triangular bases is equivalent to a mean proportional between 
their equivalents; 
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Proposition XXI. Theorem. 

581. A truncated triangular prism is equivalent to the 

sum of three pyramids whose common base is the base of the 

prism, and whose vertices are the three vertices of the inclined 

section. 

F 




Let A B C-DEF be a trancated tiiangulaT prism whose 
base is ABC, and inclined section D E F. 

We are to prove A B C-DEF =o three pyramids^ E-A B C, 
D-A B C and FA B C. 

Pass the planes A EC and DEC, dividing the truncated 
prism into the three pyramids E-A B C, E-A CD, and E-CD F, 

Now the pyramid E-ABC has the base ABC and the 
vertex E. 

E-ACD^B-ACD, §574 

{for (hey have the same base AC D and the same altitude, since their vertices 
E and B are in the line EBW to the base A CD), 

But pyramid B-A CD, which is equivalent to pyramid 
E'A C Dy may be regarded as having the base ABC and the 
vertex D, 

Again, EC DF^ B-ACF, 

for their bases CDF and AC F,m the same plane, are 

equivalent, § 325 

{for the ^ CDF and A CFhave the common hoM CF and equal aZtituda, 
their vertices lying in the line ADWto CF), 
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Moreover, E-C D F and B-A C F have the same altitude, 

(prnce their vertices E cund B are in the line EB II to the plane of their 
hoses ACDF), 

But the pyramid B-A G F may be regarded as having the 
base ABC and the vertex F. 

/. the truncated triangular prism A B C-D EFia equivalent 
to the three pyramids E-A B C, DA BC, and F-A B 0, 

Q. E. D. 
E 




682. Corollary 1. The volume of a truncated right tri- 
angular prism is equal to the product of its base by one-third 
the sum of its lateral edges. For the lateral edges DA,EB, 
FCy being perpendicular to the base, are the altitudes of the 
three pyramids whose sum is equivalent to the truncated prism. 
And, since the volume of a pyramid is one-third the product of 
its base by its altitude, the sum of the volumes of these pyramids 
= ABCX^(DA + EB + FCf), 

583. Cor. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

For let A B C-A^ B' C be any truncated triangular prism. 
Then the right section D E F divides it into two truncated right 
prisms whose volumes 8iTeDEFX^{AI> + BE+GF) and 
DEFX^(A'D + B'E^ C'F). 

Whence th^iir sum ia DEF X ^ (A A' + BB' + C C). 
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Exercises. 

1. Given a pyramid whose base is a rectangle 80 feet by 60 
feet, and whose lateral edges are each 130 feet ; find its volume, 
and its entire surface. 

2. Given the frustum of a pyramid whose bases are hepta- 
gons ; each side of the lower base being 10 feet, and of the upper 
base 6 feet, and the slant height 42 feet ; find the convex surface 
in square yards. 

3. Given a stick of timber 30 feet long, the greater end being 
18 inches square, and the smaller end 15 inches square; find its 
volume in cubic feet. 

4. Given a stone obelisk in the form of a regular quadrangular 
pyramid, having a side of its base equal to 25 decimetres, and its 
slant height 12 metres. The stone weighs 2.5 as much as water. 
What is its weight in kilogrammes 1 

5. Given the frustum of a pyramid whose bases are squares ; 
each side of the lower base being 35 decimetres, each side of the 
upper base 25 decimetres, and the altitude 15 metres ; find its 
volume in steres. 

6. Given a right hexagonal pyramid whose base is inscribed 
in a circle 30 feet in diameter, and whose altitude is 20 feet ; 
find its convex surface, and its volume. 

7. Given a right pentagonal pyramid whose base is inscribed 
in a circle 20 feet in diameter, and whose slant height is 30 feet 3 
find its convex surface, and its volume. 

8. Find the difference between the volume of the frustum of 
a pyramid, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidis- 
tant from them. 

9. Given a stick of timber 32 feet long, 18 inches wide, 15 
inches thick at one end, and 12 inches at the other; find the 
number of cubic feet, and the number of feet board measure it 
contains. Find equivalents for the results in the metric system. 



SIMILAR POLYHEDRONS. 



317 



On Similar Polyhedrons. 
584. Def. Similar polyhedrons are polyhedrons which 
have the same form. They have, therefore, the same number of 
faces, respectively similar and similarly placed, and their corre- 
sponding polyhedral angles equaL 

685. Def. Homologous faces, lines, and angles of similar 
polyhedrons are faces, lines, and angles similarly placed. 




I. The hoToologous edges of similar polyhedrons are pro- 
portional. 

Since the faces SA B, SA C, SBC ajid ABO are similar 
respectively to S' A' B', S A' C", S B' C and A' B' C, we have 



SA 
S'A' 



SB 

''S'B' 



AB 

'' A'B' 



, etc. 



§ 278 



II. Any two homologotLS faces of similar polyhedrons are 
proportional to the squares of any two homologous edges. 



SAB 

Thus, ^/^,^, = 



8 A^ SAC SC^ 



■,^rj,2 ffA'C S^'^' 



SBC 
' S'B'G^* §342 



III. The entire surfaces of two similar polyhedrons are pro- 
portional to the squares of any two homologous edges. 

SAB SAC 
S'A' b! 



Thus, since 



- , etc.. 



S'A'C 

SAB + SAC, etc. _ SAB _ 

S' A' £< + S' A> C, etc. ~S'A'B'~^=ja 



Ai !. § 266 
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Proposition XXIL Theorem. 

586. Two similar polyliedronB may be decomposed into 
the same number of tetrahedrons similar'^ each to each, and 
similarly placed. 




Let ABCDEOPQRS and A' B' C D' E'-C F Q W S' he 
two similar polyhedrons of which P and P are 
homologous vertices. 

We are to prove that ABCDEOPQRS and A' BCD' E'- 
0' P Q' R' S' can he decomposed into the same number of tetrahe- 
drons similar and similarly placed. 

Place these polyhedrons in the same plane, having any two 
homologous edges, as ^j? and A' B' II and lying in the same 
direction. 

On any two corresponding faces not adjacent to P and P, 
as ABODE and A* B' 0' ly E\ from two homologous vertices, 
as E and E'j draw diagonals dividing these faces inilo A, similar 
and similarly placed. 

From the homologous vertices P, P' of the polyhedrons 
draw straight lines to the vertices of these A. 

Repeat this construction for each of the faces not adjacent 
to P, P'. 

Then the polyhedrons will he divided into the same number 
of tetrahedrons ; 

that is, into as many tetrahedrons as there are A in these 
faces. 
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!Now, any two corresponding tetrahedrons, as F-A B E and 
F'-A' B' E\ are similar ; 

for the faces BAB and FAB are similar respectively to 
the faces B' A' B' and P' A' B\ § 294 

(being similarly sUiuUed A of similar polygons). 

In the A FBB&ud F B' I? 

FB is II to P B', and ^^ to B' E\ 
{since they make eqtbal A respectively with the II lines A B and A'B*) ; 

.\ZFBE-=Z FB'E, • §462 

(two A not in the same plane having their sides 11 and lying in the sa'oie 
direction are equal) ; 
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and £l-(Al)^l^. 

F'B' XA'B'f BE' 

.• . face P jB ^ is similar to face F' B' W. § 284 

Also, in the A P^ ^ and F' A' E 

FE _ /FB\ _FA__ (AB \ ___ AE_ . 278 
FE' \PB') FA''~\A'B')'~A'E' ^ 
(being homologous sides of similar ^ ). 

.-. face P-4 ^ is similar to face F'A'E'. § 282 

Moreover, since any two corresponding trihedral A of these 
tetrahedrons are formed by three plane A which are equal, each 
to each, and similarly situated, they are equal. § 492 

.-. FA B E and P-A' B' E' are similar. § 584 

In like manner we may show that any other two tetrahe- 
drons similarly situated are similar. 

That is, the two similar polyhedrons have the same number, 
of tetrahedrons similar each to each, and similarly situated. 

Q. E. D. 

587. Corollary. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 
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Pboposition XXIII. Theorem. 
688. Similar tetrahedrons are to each other as the cubes 
of their homologous edges. 




Let SB CD and S'-B' C ly be two similar tetrahedrons 
having for bases the similar faces BG D andBC^iy^ 
and for altitudes S and S' 0'. 



We are to prove 



SBC D 



Tc^ 



S'-B'C'D' B^i^' 



Apply the tetrahedron S'-B' C D' to the tetrahedron SB CD, 
so that the polyhedral S^ shall coincide with S. 

Then the base B' C D' will be II to the face BCD, 
(since their planes make equal A wUh the face SBC), 

and the ±SOy± to BCD, will also be ± to ^' CD. 

SO' will be the altitude of the tetrahedron S-B'C'D'. 

^^^^ S.BCD BC DXSO BCD ,^^0 g^y, 

S'B'C'D'^B'C'D' X SO'^B'^D' SO'^ 

(any two tetrahedrons are to each other as the products of their bases and 

altitudes). 



Since the bases are similar, 

BCD B~C^ 
B'C'D'"^^^ 



§343 
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Also, = , § 587 

' SO' B'C ^ 

(in tv)o similar polyJiedrons any tico homologotcs lines are in the same ratio 
as any two homologous edges). 

. SB CD WC^ BC BC^ 



s-B'C'iy wc^ J^' 0' "b^c^^ 



Q. E. D. 



589. Corollary 1. Ttoo similar polyhedrons are to each 
other as the cubes of any tuH) homologotis edges. 

For, two similar polyhedrons may be decomposed into tetra- 
hedrons similar, each to each, and similarly placed, of which any 
two homologous edges have the same ratio as any two homolo- 
gous edges of the polyhedrons. And, since any pair of the simi- 
lar tetrahedrons are to each other as the cubes of any two 
homologous edges, the entire polyhedrons are to each other as 
the cubes of any two homologous edges. § 266 

590. CoR. 2. Similar prisma or pyramids are to each other 
as the cubes of their altitudes ; and similar polyhedrons are to each 
other as the cubes of any two homologous lines. 



Ex. 1. The portion of a tetrahedron cut off by a plane parallel 
to any face is a tetrahedron similar to the given tetrahedron. 

Ex. 2. Two tetrahedrons, having a dihedral angle of one equal 
to a dihedral angle of the other, and the faces including these 
angles respectively similar, and similarly placed, are similar. 

Ex. 3. Given two similar polyhedrons, whose volumes are 125 
feet and 12.5 feet respectively ; find the ratio of two homologous 
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On Eegular Polyhedrons. 

591. Dep. a Regular polyhedron is a polyhedron all of 
whose faces are equal regular polygons, and all of whose polyhe- 
dral angles are equal. 

The regular polyhedrons are the tetrahedron, octahedron and 
icosahedron, all of whose faces are equal equilateral triangles; 
the hexahedron, or cube, whose faces are squares ; the dodecahe- 
dron, whose faces are regular pentagons. 

Only these five regular polyhedrons are possihle, for a poly- 
hedral angle must have at least three face angles, and must have 
the sum of its face angles less than four right angles, (§ 488). 
Hence : 

I. If the faces be equilateral triangles, polyhedral angles 
may be formed of them in groups of 3, 4, or 5 only, as in the 
tetrahedron, octahedron and icosahedron. Since each angle of an 
equilateral triangle is two-thirds of a right angle, the sum of six 
such angles is four right angles, and therefore greater than a 
convex polyhedral angle. 

II. If the faces be squares, polyhedral angles may be formed 
of them in groups of three only, as in the regular hexahedron, or 
ctibe ; since four such angles would be four right angles. 

III. If the faces be regular pentagons, polyhedral angles 
may be formed of them in groups of three only, as in the regular 
dodecahedron ; since four such angles would be greater than four 
right angles. 

IV. We can proceed no farther ; for a group of three angles 
of regular hexagons would equal four right angles, and of regular 
heptagons, etc., would be greater than four right angles. 
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Proposition XXIY. Problem. 
592. Given an edge, to construct the Jive regular jpoly- 
hedrons. 

Let A B he the given edge. 

I. Upon AB to construct a regular tetrahedron, 

Upon A B construct the equilateral A 
ABC. § 232 

Find the centre of this A, § 238 
and erect D 1-io the plane ABC. q^ 
Take the point D so that AD = AB. 
Draw DA,DB,DC. ^ 

ABC B is the regular tetrahedron required. 
For, the edges are all equal, 
and hence the faces are equal equilateral A. 
and its polyhedral A are all equal. 

Q II. To construct a regular hexahedron. 

Upon the given edge AB construct the 
square ABCD, 




§ 450 

§492 



D 



F 

and upon the sides of this square con- 
Cstruct the squares E By FC, G D, HA ± to 
/ the plane ABC D. 

-^ ^ Then A Gib the regular hexahedron required. 

III. To construct a regular octahedron. 

Upon the given edge A B construct 
the square ^ ^ (7 i>. 

Through its centre pass a ± to 
its plane ABCD. 

In this ± take two points E and F, 
one above and the other below the plane, 

so that A E and A F are each equal 
ioAB. 

Join E and F to each of the vertices of the square. 

Then E A BC I> F is the regular octahedron required. 

For, the edges are all equal, § 450 

and hence the faces are equal equilateral A. 

And, since the A I) E F and DAG are equal, § 108 

DEBF is a. square and the pyramid A-D E B F is equal in 
all its parts to the pyramid E-A BCD. 

Hence, the polyhedral A A and E are equal. 

In like manner all the polyhedral A of the figure are equaL 
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lY. To construct a regular dodecahedron. 

Upon A B construct the regular pentagon ABCDJS,^^% 
On each side of this pentagon construct an equal pentagon, 

so inclined that trihedral A shall be formed at A, B, C, JD, K 

The convex surface thus formed is composed of six regular 
pentagons. 

In like manner, upon an equal pentagon A^ B' C ly E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other, with- their convexi- 
ties turned in opposite directions, so that jP 0' and F* Q* shall 
fall upon FO SLJidPQ. 

Then every face Z of the one will, with two consecutive 
face A of the other, form a trihedral Z. 

The solid thus formed is the regular dodecahedron required. 

For, the faces are all regular pentagons, Cons, 

and the polyhedral A are all equal. § 492 

D Df 




G G' 

V. To construct a regular icosahedron. 

Upon A B construct the regular pentagon ABC DE,^^^^ 
At its centre erect a _U to its plane. 
In this ± take P so that PA=^AB. 
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Join P with each of the vertices of the pentagon ; 

thus fonning a regular pentagonal pyramid whose vertex is P, 
and whose dihedral A formed on the edges P A^ P B, PC, etc. 
are all equal. - § 571 

Taking A and B as vertices, construct two pyramids each 
equal to the first, and having for bases BP E F G ^vAAG EG P 
respectively. 

There will thus be formed a convex surface consisting of ten 
equal equilateral A. 

In like manner upon an equal pentagon A' B' G' ly E' con- 
struct an equal convex surface. ^ 

Apply one of these surfaces to the other with their coHvexi- 
ties turned in opposite directions, so that every combination of 
two face A of the one, as P' D' G', P £>' E', shall with a combi- 
nation of three face A of the other, q& BG H, BG P, PG D, 
form a pentahedral Z. 

The solid thus formed is the regular icosahedron required. 

For, the faces are all equal ; Cons, 

and the polyhedral A are all equal, § 571 

Q. E. D. 




TETRAHEDRON. 























HEXAH 


EORON. 





ICOSAHEDRON. 



DODECAHEDRON. 



593. Scholium. The regular polyhedrons can be formed 
thus : 

Draw the above diagrams upon card-board. Cut through 
the exterior lines and half through the interior lines. The fig- 
ures will then readily bend into the regular forms required. 
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Supplementary Propositions. 
Proposition XXV. Theorem. (Euler's.) 
594. In any polyhedron the number of its edges in- 
creased by two is equal to the number of its vertices increased 
by the number of its faces. 

Let E denote the number of edges of any polyhedron; 
V the number of its vertices, F the number of its 
faces. 

We are to prove JE + 2 = V + F. 

S Beginning with one face ABCDE^ 

we have F = V. 

Annex a second face iS'^ ^ by ap- 
plying one of its edges to an edge of 
the first face. 

There is formed a surface having 
one edge A B, and two vertices A and 
^D B common to both faces. 

.'. whatever the number of the 

^ ^ sides of the new face, the whole num- 

ber of edges is now one more than the whole number of ver- 
tices. 

.-. for 2 faces ^ = F+ 1. 

Annex a third face, SBC, adjacent to each of the former. 
The new surface will have two edges SB and B C, 
and three vertices S, B and (7, in common with the preced- 
ing surface. 

.'. the increase in the number of edges is again one more 
than the increase in the number of vertices. 

According to the same law, for an incomplete surface of 
i^—1 faces 

E= r+i^-2. 

When we add the last face SEA, necessary to complete the 
surface, 

its edges SE, SA and A J^,.and its vertices S, E and A 
will be in common with the preceding surface. 

.'. in a polyhedron of J^ faces E= V + F — 2. 
••.^+2= V-^ F. 

Q. E. D. 
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Proposition XXVL Theorem. 

595. The sum of all the angles of the faces of any poly^ 
hedron is equal to four right angles taken as many times as 
the polyhedron has vertices less two. 

Let E denote the number ot edges, V the number ot 
vertices, F the number ot faces, and S the sum ot 
all the angles of the faces of any polyhedron. 

We are to prove /S' = 4 rt. ^ X (T— 2). 

Since E denotes the number of 
the edges of the polyhedron, 

2 E will denote the whole num- 
ber of sides of all its faces, con- 
sidered as sides of independent poly- 
gons. 

And since the sum of all the 
interior and exterior A of each poly- ^ ^ 

gon is equal to 2 rt. A taken as many times as it has sides, 

the sum of the interior and exterior ^ of all the faces is 
equal to 2 rt. ^ X 2 ^. 

And since the sum of the exterior A of each face is 
4 rt. 2i, § 159 

the sum of the exterior A of all the faces is equal to 
4:Tt. AX F, 

.\S+ 4rt..^ X i^=2rt. ^ X 2 jE^. 

That is, S=i:it, AX{E— F). 

Since E+2^V+ F, § 594 

E-F^Y-2, 

.-. /S'=4rt. ^ X (r-2). Q.E. D. 
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On the Cylinder. 

696. Dep. a Cylindrical surface is a curved surface gen- 
erated by a moving straight line which continually touches a 
given curve and in all its positions is parallel to a given fixed 
straight line not in the plane of the curve. 





Thus, the surface ABC D, generated by the moving line 
A D continually touching the curve ABC and always parallel 
to a given straight line Jf , is a cylindrical surface. 

597. Dep. The moving line is called the Gevieratrix ; the 
curve which directs the motion of the generatrix is called the 
Directrix ; the generatrix in any position is called an Ehmmi 
of the surface. 

The generatrix may be indefinite in extent, and the direc- 
trix a closed or an open curve. In elementary geometry the 
directrix is considered a circle. 

598. Dep. A Cylinder is a solid bounded by a cylindrical 
surface and two parallel planes. 

599. Dep. The Ba8e% of a cylinder are its plane surfaces. 

600. Dep. The Lateral surface of a cylinder is its cylindri- 
cal surface. 

601. Dep. The Aods of a cylinder is the. straight line join- 
ing the centres of its bases. 
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602. Dep. The Altitude of a cylinder is the perpendicular 
distance between the planes of its bases. 

603. Def. a Section of a cylinder is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cylinder. • 

604. Dep. A Right section of a cylinder is a section per- 
pendicular to the elements. 

605. Dep. A Radius of a cylinder is the radius of the base. 

606. Dep. A Right cylinder is a cylinder whose elements 
are perpendicular to its bases. Any element of a right cylinder 
is equal to its altitude. 

607. Dep. An Oblique cylinder is a cylinder whose elements 
are oblique to its bases. Any element of an oblique cylinder is 
greater than its altitude. 

608. Dep. A Cylinder of Revolution is a cylinder generated ^ 
by the revolutioja of a rectangle about one side as an axis. ' 

609. Dep. Similar cylinders of revolution are cylinders 
generated by similar rectangles revolving about homologous sides. 

610. Dep. A Tangent line to a cylinder is a straight line 
which touches the surface of the cylinder, but does not intersect it. 

611. Dep. A Tangent plane to a cylinder is a plane which 
embraces an element of the cylinder. The element embraced by ' 
the tangent plane is called the Element of Contact. 

612. Dep. A prism is inscribed in a cylinder when its 
lateral edges are elements of .the cylinder and its bases are in- 
scribed in the bases of the cylinder. 

613. Dep. A prism is circumscribed about a cylinder when 
its lateral faces are tangent to the cylinder and its bases are cir- 
cumscribed about the bases of the cylinder. 
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Proposition XXVII. Theorem. 
614. Every section of a cylinder made by a plane pass- 



ing through an element is a parallelogram* 

C 




'^£7 



Let ABC JD be a section of the cylinder A C, made by 
a plane passing through A D, 

We are to prove the section ABC D a parallelogram. 

The line BC, in which the cutting plane intersects the 
curved surface a second time, is an element ; 

for, if through the point B a line he drawn II to A B, 

it will he an element of the surface. 

It will also lie in the plane A G^ 

This element, lying in hoth the cylindrical surface and plane 
surface, is their intersection. 

K'ow A D is W to BC, 

(being elemeTUs of the cylinder), 

and ABia W toDG, § 465 

(the intersections of two II planes by a third plane are H Uries), 

.-.the section A BG B ia a, CJ. § 125 

Q. E. D. 

615. Corollary. Every section of a right cylinder emhrac- 
ing an element is a rectangle. 
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Proposition XXVIII. Theorem. 
616. The bases of a cylinder are equal. 




Let ABE and DC G be the bases of the cylinder AC, 
We are to prove ABE^ DCG, 
Any sections A C and A G, embracing A D, an element of 



the cylinder, are 


m. 


§614 




.-.AB^DOaoAAE^DG. 


§134 


Kow , 


BC is II to EG, 


§459 




(each being II to AD). 




Ako 


BC = EG, 


§464 




.'.ECiaa. O. 


§ 136 




.•.EB = GC, 


§ 134 




.:AEAB = AGI)C. 


§ 108 



Apply the upper base to the lower base, so that J) will 
coincide with A B. 

Then A GDC will coincide with ta. EAB^ and point G 
will fall upon point E, 

That is, any point G in the perimeter of the upper base will 
coincide with the point in the same element in the lower base. 
.'. the bases coincide, and are equal. 

Q. E. D. 

617. Corollary 1. Any two parallel sections ABC and 
A' B' C'y cutting all the elements of a cylinder E F, are equal. 
For these sections are the bases of the cylinder A (?'. 

618. CoR. 2. Any section of a cylinder parallel to the base 
is equal to the base. 
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Proposition XXIX. Theorem. 
619. The lateral area of a cylinder is equal to the 
product of the perimeter of a right section of the cylinder bj/ 
an element of the surface. ^n 



Let ABODE be the base, and A A' any element of the 
cylinder A C ; and let the curve abode be any light 
section of its surface. 

Denote the perimeter of the right section by P, 
and the lateral surface of the cylinder by S. 
We are to prove S = F X A A\ 

Inscribe in the cylinder a prism whose right section a6c(/« 

will be a polygon inscribed in the right section abode of the 

cylinder. § 604 

Denote the lateral area of the prism by «, 

and the perimeter of its right section by p. 

Then 8=:pXAA\ §524 

(the lateral area of a primn is equal to th& prodiLct of the perimeter of a right 
section by a lateral edge). 

Now let the number of lateral faces of the inscribed prism 
be indefinitely increased, 

the new edges continually bisecting^ the arcs in the right 
section. 

Then p approaches F as its limit, 

and 8 approaches aS' as its limit. 
But, however great the number of faces, 
8=p X AA\ 
.\S==FXAA\ §199 

Q. E. D. 
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620. Corollary 1. The lateral area of a right cylinder is 
eqttal to the product of the perimeter of its base by its altitude. 

621. Cor. 2. Let a cylinder of revolution be generated by 
the rectangle whose sides are B and M revolving about the 
side IT, 

Then E is the radius of the base of the cylinder, and ff the 
altitude of the cylinder. 

The perimeter of the base is 2 ir i? ; § 381 

hence, S^^irRX H. 

The area of each base is ir 72^ . § 381 

hence, the total area T of a cylinder of revolution is ex- 
pressed by \ 

T = 2 IT R X H + 2 'IT 1^=- 2, IT R {H + E). 

622. Cor. 3. Let S, S' denote the lateral areas of two simi- 
lar cylinders of revolution ; 

T, T' their total areas ; R, R' the radii of their bases ; H^ W 
their altitudes. 

Since the generating rectangles are similar, we have 

H ^R ^ H+ R 
H' R' E' + R'' 



266 






''2itR' E'^ R' WE*^^ R^ ' 



and ^ 2nR(E+ R) R ( E ^ R \ H^ ^ R^ 
T'~'2i,R' {E' + R') '^R' \E' + R') " E'^ R""' 

That is, the lateral areas, or the total areas, of similar cylinr 
ders of revolution are to each other as the squares of their altitudes, 
or as the squares of the radii of their bases. 
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Proposition XXX. Theorem. 
623. The volume of a cylinder u equal to thejprodttct of 
its base by its altitude. 




Let V denote the volume at the cylinder AG, B its 
base, and H its altitude. 



We are to prove 



V-^BXH. 



Let V denote the volume of the inscribed prism A G, B' its 
base, and H will be its altitude. 



Then 



r-=^B'X H, 



§543 



{the volume ofaprisni is equal to the product of its hose by its altitude). 
Now, let the number of lateral faces of the inscribed prism 
be indefinitely increased, the new edges continually bisecting 
the arcs of the bases. 

Then B^ approaches B as its limit, 

and V approaches V as its Kmit. 

But however great the number of the lateral faces, 

V^B'X H, 

.\V=BXH. §199 

Q. E. D. 
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624. Corollary 1. Let V be the volume of a cylinder of 
revolution, E the radius of its base, and I£ its altitude. 

Then the area of its base is «■ i?^, • § 381 

625. CoR. 2. Let V and V be the volumes of two similar 
cylinders of revolution, B and R the radii of their bases, H and 
ff their altitudes. 

Since the generating rectangles are similar, we have 

, V irR^H B^ H IP S^ 
and — = •■ — = — X — = = . 

That is, the volumes of similar cylinders of revolution are to 
each other as the cubes of tlieir altitudes, or as the cubes of the 
radii of their bases, 

Ex. 1. Required, the entire surface and volume of a cylin- 
der of revolution whose altitude is 30 inches, and whose base 
is a circle of which the diameter is 20 inches. 

2. Required, the volume of a right truncated triangular 
prism the area of whose base is 40 inches, and whose lateral 
edges are 10, 12, and 15 inches, respectively. 

3. Let E denote an edge of a regular tetrahedron ; show 
that the altitude of the tetrahedron is equal to E ^f; that the 
surface is equal to E^ ^^; and that the volume is equal to 

E^ r- 

12 V^- 

4. Required, the number of quarts that a cylinder of revo- 
lution will contain whose height is 20 inches, and whose diame- 
ter is 12 inches. 

5. Given S, the surface of a cube, find its edge, diagonal, 
and volume. What do these become when /S' = 54 1 
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Proposition XXXI. Problem. 

626. Through a given jpoint tojpass ajplane tangent to a 
given cylinder. 




Case I. — WTum the given point is in the curved surface of the cylinder. 

Let AC* be a given cylinder, and let the given point 
be a point in the element A A*, 

It is required to pass a plane tangent to the cylinder and tm- 
hradng the element A A*, 

Draw the radius A, and A T tangent to the base ; 

and pass a plane R T' tbrougli A A' and A T, 

The plane R T' is the plane required. 

For, through any point F in this plane, not in the ele- 
ment AA'y 

pass a plane 11 to the base, intersecting the cylinder in 
the O MN, 

and the plane R T' in MP, 

Prom the centre of the O MN draw Q M, 

MP and MQ g^iQ U respectively to ^ 7" and A 0, §'465 
(the intersectioTis of two II planes by a third plane are II Htics) ; 

r.ZPMQ=-Z TAG, § 462 

(two ^ not in (he same plane^ Jiaving their sides II and lying in the same 
direction^ are equaJ), 
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r.FMia tangent to the O J/iV at M. § 186 

.\ P lies without the O M N, 

and hence without the cylinder. 

.". the plane R T' does not cut the cylinder, and is tangent 
to it. 

Case II. — When the given point is vnthovi the cylinder. 

Let P he the given point. 

It is required to pass a plane through P tangent to th, 
cylinder. ' 

Through P draw the line PT II to the elements of the 
cylinder, ^ . 

meeting the plane of the base at T. 

From T draw TA and TC tangents to the base. § 240 

Through P T and the tangent T A pass a plane R T. 

Since ii ^' is II to P T, Cons. 

the plane R T', passing through P T and the point A will 
contain the element AA'j 

{two II lines lie in the same plane). 

And, since R T' also contains the tangent A Ty 

it is a tangent plane to the cylinder. 

In like manner, the plane T 8\ passed through P T and the 
tangent line T C, 

is a tangent plane to the cylinder. 

Q. E. F. 

627. Corollary 1. The intersection of two tangent planes 
to a cylinder is parallel to the elements of the cylinder. 

628. CoR. 2. Any straight line drawn in a tangent plane, 
and cutting the element of contact, is tangent to the cylinder. 
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On the Cone. 

629. Dep. a Conical surface is a surface generated by a 
moving straight line continually touching a given curve and 
passing through a fixed point not in the plane of the curve. 

Thus the surface generated by the mov- J/_ 
ing line A A' continually touching the curve 
ABGD, and passing through the fixed point 
Sy is a conical surface. 

630. Dep. The moving line is called 
the Generatrix ; the curve which directs the 
motion of the generatrix is called the Di- 
rectrix ; the generatrix, in any position, is 
called an Element of the surface. 

631. Dep. A conical surface generated 
by an indefinite straight line consists of two 
portions, called Nappes, one the Lower, the 
other the Upper Nappe, 

632. Dep. A Cone is a solid bounded by a conical surface 
and a plane. 

633. Dep. The Lateral surface of a cone is its conical sur- 
face. 

634. Dep. The Base of a cone is its plane surface. 

635. Dep. The Vertex of a cone is the fixed point through 
which all the elements pass. 

636. Dep. The Altitude of a cone is the perpendicular dis- 
tance between its vertex and the plane of its base. 

637. Dep. The Aods of a cone is the straight line joining 
its vertex and the centre of its base. 

638. Dep. A Section of a cone is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cone. 

639. Dep. A RigM section of a cone is a section perpen- 
dicular to the axis. 

640. Dep. A Circular cone is a cone whose base is a circle. 

641. Dep. A Eight cone is a cone whose axis is perpen- 
dicular to its base. The axis of a right cone is equal to its 
altitude. 

642. Dep. An Oblique cone is a *cone whose axis is oblique 
to its base. The axis of an oblique cone is greater than its sdti- 
tudo. 
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643. Dep. a CoTie of RevohUion is a cone generated by the 
revolution of a right triangle about one of its perpendicular sides 
as an axis. 

The side about which the triangle re- 
volves is the axis of the cone ; the other per- 
pendicular generates the hose, the hypotenuse 
generates the conical surface. Any position 
of the hypotenuse is an element, and any 
element is called the slant height. 

644. Dep. Similar cones of revolution 
are cones generated by the revolution of simi- 
lar right triangles about homologous perpen- 
dicular sides. 

645. Dep. A Truncated cone is the portion of a cone 
included between the base and a section cutting all the elements. 

646. Def. a Fricstum of a cone is a truncated cone in 
which the cutting section is parallel to the base. 

647. Dep. The base of the cone is called the Lower base of 
the frustum, and the parallel section the Upper base. 

648. Dep. ' The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

649. Dep. The Lateral surface of a frustum is the portion 
of the lateral surface of the cone included between the bases of 
the frustum. 

650. Dep. The Slant height of a frustum of a cone of revo- 
lution is the portion of any element of the cone included between 
the bases. 

651. Dep. A Tangent line to a cone is a line having only 
one point in common with the surface. 

652. Dep. A Tangent plane to a cone is a plane embracing 
an element of the cone without cutting the surface. The element 
embraced by the tangent plane is called the Element of Contact. 

653. Dep. A pyramid is inscribed in a cone when its lat- 
eral edges are elements of the cone and its base is inscribed in 
the base of the cone. 

654. Dep. A pyramid is circumscribed about a cone when 
its lateral faces are taijgent to the cone and its base is circum- 
scribed about the base of the cone. 
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Proposition XXXII. Theorem. 
655. Every section of a cone made hy a jplane jsassing 
through iU vertex is a triangle, 

S 




Let SB D be a section of the cone S-ABC through 
the vertex S. 

We are to prove the section SB D a triangle. 

The straight lines joining S with B and D are elements of 
the surface. §^ 630 

They also lie in the cutting plane, 
{for their extremities lie in the plane). 

Hence, they are the intersections of the conical surface with 
the plane of the section. 



BD is also a straight line, 
{th^e intersection of two planes is a straight line). 

.*. the section SBJD is a A. 



§ 446 



Q. E. D. 
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Proposition XXXIII. Theorem. 
656. Every section of a circular cone made hy a plane 
parallel to the base is a circle. 

S 




Let the section ab c of the circular cone S-A B C be 
parallel to the base. 

We are to prove that ah c is a circle. 

Let be the centre of the base, and let o be the point in 
which the axis ^S^ pierces the plane of the II section. 

Through SO and any number of elements, SA, SB, etc., 
pass planes cutting the base in the radii OA, OB, etc., 

and the section a 6 c in the straight lines a a, oh, etc. 

Now a and o h are II respectively to A and j5, § 4G5 
{the intersections of two 11 planes by a third plane are II lines), 

.'.the A So a and /S^oft aife similar respectively to the 
JLS0A2.n^S0B, §279 

and their homologous sides give the proportion 



oa ( ^ ^\ ^^ 
OA^KsO/^OB' 



But OA = OB; §4^3 

.'. oa = ob. 
That is, all the straight lines drawn from o to the perimeter 
of the section are equal. 

.'. the section abc is a O. 

Q. E. D. 

657. Corollary. The axis of a circular cone passes through 
the centres of all the sections which are parallel to the base. 
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Pboposition XXXIV. Theorem. 

658. , The lateral area of a cone of revolution is equal to 
one-half the product of the circumference of its base by the 
slant height. 




Let A'E FG HK he a cone generated by the revolution 
of the right triangle A OE about A as an axis, and 
let S denote its lateral area, the circumference 
of its base and L its slant height. 

We are to prove S == ^ C X L, 

Inscribe on the base any regular polygon EFG RK, 

and upon this polygon as a base construct the regular pyra- 
mid A-B F G HK inscribed in the cone. 

Denote the lateral area of this pyramid by «, the perimeter 
of its base by jo, its slant height by I, 

Then 8 = ^pXl, §569 

{the lateral area of a regular pyramid is equal to OTie-half the produd of tU 
perimeter of its base by the slant height). 

Now, let the number of the lateral faces of the, inscribed 
pyramid be indefinitely increased, 
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the new edges continually bisecting the arcs of the base. 

Then p, a and I approach C, S and L respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 

.\S-=-\CXL. §199 

Q. E. D. 



659. Corollary 1. If -ff be the radius of the base, we 
have C = 2 IT i? (§ 381). Therefore S=i{2vRX L)^itRL, 
Also, since the area of the base is is B^y the total area T of the 
cone is expressed by 

^ = ir^Z + ir^ = iri? (i + i?). 

660. Cor. 2. Let S and S' denote the lateral areas of two 
similar cones of revolution, T and T their total areas, R and R' 
the radii of their bases, H and W their altitudes, L and L' their 
slant heights. Since the generating triangles are similar, we have 

L H R R + L __ 





L' W R' E' + L'' 


S ^uu 


•' 


S _ nRL _R ^ L_L^ _R' _IP 
' S' irR'L' W LI L'^ R'" JJ"' 




T _ 


. ,rRX(L+R) _Ji^L+R_L'_R'_ 


_H» 


T> 


,rR'X(L' + R') R'''L' + R' X'> R'" 


//'"■ 



And 



That is : the lateral areas, or total areas, of similar cones of 
revolution are to each other as the squares of their slant heights, the 
squares of t/ieir altitudes, or the squares of the radii of their bases. 
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Proposition XXXV. Theorem. 

661. Tlie lateral area of the frustum of a cone ofreoo^ 
lution is equal to one-hay^ the sum of the circumferences of its 
bases multiplied by the slant height. 

C 




Itet HBG-EFG be the frustum of a cone of revolution, 
and let S denote its lateral area, C and c the cir- 
cumferences of its lower and upper bases, R and 
r the radii of the bases, and L the slant height 

We are to prove S=^{C+ c)XL. 

Inscribe in the frustum of the cone the frustum of the reg- 
ular pyramid HB C-JEFG, 

and denote the lateral area of this frustum by s, the peri- 
meters of its lower and upper bases by P and p respectively, and 
its slant height by I, 

Tlieu8 = ^{P + p)l, §570 

{the lateral area of the fnistum of a regular pyramid is eq7ud to one-half 
the sum of the perimeters of its bases multiplied by the slant height). 

Now, let the number of lateral faces be indefinitely in- 
creased, the new elements constantly bisecting the arcs of the 
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Then P, jt?, and /, approach C, c, and Z, respectively as 
their limits. 

But, however great the number of lateral feces of the frus- 
tum of the pyramid, 

s=^i{P + p)Xl. 




662. Corollary. The lateral area of a frustum of a cone 
of revolution is eqiial to the circumference of a section equidistant 
from its bases multiplied by its slant height. 

For the section of the frustum equidistant from its bases 
cuts the frustum of the regular inscribed pyramid equidistant 
firom its bases. 

Therefore the perimeter I LK=^ \ the sum of the perim- 
eters HB C and EFG. § 142 

And this will always be true, however great the number of 
the lateral faces of the frustum of the pyramid. 

Hence, circumference IL -ff" = J the sum of the circumfei^ 
ences HBC&ndUFG. § 199 
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Proposition XXXVI. Theorem. 

663. Any section of a cone parallel to the base is to the 
base as the square of the altitude of the part above the section 
is to the square of the altitude of the cone. 

A 




Let B denote the base of the cone, H its altitude, 
b a section of the cone parallel to the base, and 
h the altitude of the cone above the section. 

We are to prove B :b :: H^ : h\ 

Let B' denote the base of an inscribed pyramid, 1/ the base 
of the pyramid formed in the section of the cone. 

Then B' :b' ::H^: h\ § 566 

{any section of a pyramid II to its base is to the hose as ike square of the X 
from the vertex to the plams of the section, is to the square of the altitude 
of the pyramid). 

Now let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, 

the new edges continually bisecting the arcs in the base of 
the cone. 

Then B' and b' approach B and b respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 



^ : 6' : : fl"" : A«. 




:B.b::H*:h*, 


§199 

Q. E. D 
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^ •Proposition XXXVIL Theorem. 
664. The volume of any cone is equal to the product of 
one-third of its base hy its altitude. 




Let V denote the volume, B the base, and H the ai- 
titude of the cone. 

We are to prove V=^BXE. 

Let the volume of an inscribed pyramid A-CDUFG be 
denoted by F', and its base by £^. 

H will also be the altitude of this pyramid. 

Then F' = J ^' X ^ § 574 

Now, let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, the new edges continually bisect- 
ing the arcs in the base of the cone. 

Then F' approaches to F as its limit, and ^' to -5 as its limit. 

But however great the number of lateral faces of the pyramid, 

F' = J ^' X ^. 
.'.V^iBXH. §199 

Q. E. D. 

665. Corollary 1. If the cone be a cone of revolution, 
and B be the radius of the base, then B = v B^ (§ 381); 
.-. V^\trB^XH, 

666. CoR. 2. Similar cones of revolution are to each other 
as the cubes of their altitudes, or as the cubes of the radii of their 
bases. For, let B and B' be the radii of two similar cones 
of revolution, H and H' their altitudes, F and V their volumes. 
Since the generating triangles are similar, we have 

H : H' I : B : B*. 



T'^^ttB'^XW' 



B'^ ir^H'^^B**' 
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Proposition XXXVIII. Theoremi 
667. Afnistum of any cone is equivalent to the sum of 
three cones whose common altitude is the altitude of the frus- 
tum and whose bases are the lower base, the upper base, and a 
mean proportional between the bases of the frustum, 

k 




Let V denote the volume of the frustum, B its lower 
base, b its upper base, and If its altitude. 

We are to prove V=^H(B+b + sj BXb). 
Let V denote the volume of an inscribed frastum of a pyra- 
mid, B' its lower base, f its upper baae. 
Its altitude will also be H. 

Then, P = J iy (i?' + ft' + yj B'X 6'), § 578 

(flfrtistum of any pyramid is ^^ to the sum of threh pyramids whose cominxm 
altitude is the altitude of ttie fi^astum, and whose boMS are the lower 
base, the uppet* base, arid a m,ean proportional bettoeen the bases of the 
frustum). 

NoWy let the number of lateral faces of the inscribed frus- 
tum be indefinitely increased, 

the new edges continually bisecting the arcs in the bases of 
the frustum of the cone. 

But however great the number of lateral faces of the frus- 
tum of the pyramid, 

F' = J ff(B' + 6' + yJ'WxV. 

.\V=\H{B^-b^^ BXb). §199 

aE.D. 

668. Corollary. If the frustum be that of a cone of revo- 
lution, and R and r be the radii of its bases, we have B = vB!^f 
and b = n7^f 

and \l~BXb=^vRr. 




BOOK VIII. 

THE SPHERE. 
On Sections and TANOENTa 

669. Def. a Sphere is a solid bounded by a surface all 
points of which are equally distant from a point within called 
the cerUre. A sphere may be generated by the revolution of a 
semicircle about its diameter as an axis. 

670. Dep. a Radius of a sphere is 
the distance from its centre to any point 
in the surface. All the radii of a sphere 
are equal. 

671. Dep. A Diameter of a sphere 
is any straight line passing through the 
centre and having its extremities in the 
surface of the sphere. All the diameters 
of a sphere are equal, since each is equal to twice the radius. 

672. Dep. A Section of a sphere is a plane figure whose boun- 
dary is the intersection of its plane with the surface of the sphere. 

673. Dep. A line or plane is Tangerd to a sphere when it has 
one, and only one, point in common with the surface of the sphere. 

674. Dep. Two spheres are tangevU to each other when their 
surfaces have one, atid only one, point in common. 

675. Dep. A polyhedron is circumscribed about a sphere 
when all of its faces are tangent to the sphere. In this case the 
sphere is inscribed in the polyhedron. 

676. Dep. A polyhedron is inscribed in a sphere when all 
of its vertices are in the surface of the sphere. In this case the 
sphere is circumscribed about the polyhedron. 

677. Dep. A Cylinder or cone is circumscribed about a 
sphere when its bases and cylindrical surface, or its base and 
conical surface, are tangent to the sphere. In this case the 
sphere is inscribed in the cylinder or cone. 
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Proposition I. Theorem. 
678. Every section of a sphere made by a plane is a circle. 




Let the section ABC be a plane section of a sphere 
whose centre is 0. 

We are to prove section ABC a circle. 

From the centre draw i> J- to the section, and draw 
the radii OA, OB, OCy to different points in the boundaiy of 
the section. 

Inthert. A ODA, ODB and GDC, 

ODia common, and OA, OB and C are equal, 
{being radii of the sphere), 

.-. thert. A DA, ODBmd i> C are equal, § 109 

(two rt, L are equal when they^have a aide and hypotenuse of the one eqvuU 
reipedively to a side and hypotenuse of the other), 

.*. DA,DB and DC bltq equal, 
(being homologous sides of equal A). 

.".the section ABC isa, circle whose centre is D. 

aE.D. 

679. Corollary 1. The line joining the centres of a sphere 
and a circle of a sphere is perpendicular to the circle. 

680. Cor. II. If /?, r and jd, respectively, denote^ the 
radius of a sphere, the radius of a circle of a sphere, and the per- 
pendicular from the centre of the sphere to the circle, then 
r = yWZT^, Therefore all circles of a sphere equally distant 
from the centre are equal, and of two circles unequally distant 
from the centre of the sphere the more remote is the smaller. 

Again, if p == 0, then r = JR, and the centre of the sphere and 
the centre of the circle coincide ; such a section is the greatest 
possible circle of the sphere. 
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681. Def. a Grtat circle of a sphere is a section of the 
sphere made by a plane passing through the centre. 

682. Dep. a SmcUl circle of a sphere is a section of the 
sphere made by a plane not passing through the centre. 

683. Def. An Axis of a circle of a sphere is the diameter 
of the sphere perpendicular to the circle ; and the extremities of 
the axis are the Poles of the circle.. 

684. Every great circle bisects the sphere. For, if the parts 
be separated and placed with their plane sections in coinci- 
dence and their convexities turned the same way, their convex 
surfaces will coincide ; otherwise there would be points in the 
spherical surface unequally distant from the centre. 

685. Any two great circles, ABCD 
Bud. AUCF, bisect each other. For the 
intersection AC of their planes passes 
through the centre of the sphere, and is 
a diameter of each circle. 




686. An arc of a great circle may 
be drawn through any two given points 
A and E in the surface of a sphere. For 
the two points A and E, and the centre 
0, determine the plane of a great circle whose circumference 
passes through A and E. § 443 

If, however, the two given points are the extremities A and 
C of the diameter of the sphere, the position of the circle is not 
determined. For, the points Ay and C, being in the same 
straight line, an infinite nimiber of planes can pass through 
them. § 441 

687. An arc of a circle may be drawn through any three 
given points on the surface of a sphere. For, the three points 
determine the plane which cuts the sphere in a circle, 
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Proposition II. Theorem. 

688. A plane perpendicular to a radius at its extremity 
is tangent to tie sphere. 




Let he the centre of a sphere, and MN a plane per- 
pendicular to the radius P, at its extremity P. 

We are to prove M N tangent to the sphere. 

From draw any other straight line OAto the plane MN, 

OP<OA, §448 

(a ±18 the shortest distance frmn a point to a plane), 

.*. point A is without the sphere. 

But A\a any other line than P, 

.'. every point in the plane MN \a without the sphere, 
except P, 

,\ MN is tangent to the sphere at P. § 673 

Q. E. D. 

68.9. Corollary 1. A plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. 

690. Cor. 2. A straight line tangent to* a circle of a sphere 
lies in a plane tangent to the sphere at the point of contact. 

691. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point. 

692. CoR. 4. The plane of any two straight lines tangent 
to the sphere at the same point is tangent to the sphere at that 
point. 
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Proposition III. Problem. 
693. Given a material sjahere to find its diameter. 



p 




d — 


7 


/ 










Let PBP* C represent a materUd sphere. 
It is required to find its diameter. 

From any point F of the given surface, with any opening of 
the compasses, describe the circumference ABC on the surface. 

Then the straight line P-B, being the opening of the 
compasses, is a known line. 

Take any three points A, B and C in this circumference, 
and with the compasses measure the rectilinear distances A By 
BjC 9XL^ CA. 

Construct the A A' Bf C'^ with its sides equal respectively 
to^j5, ^Cand C^. §232 

Circumscribe a circle about the A A' B' C". § 239 

The radius D'B' of this O is equal to the radius of O ^^C. 

Construct the rt. A 6 c? p, having the hypotenuse hp^^BP, 
and one side b d = B' D'. 

Draw 6 // ± to 6 p, and meeting p d produced in //. 

Then p pf \& equal to the diameter of the given sphere. 

For, if we bisect the sphere through P and B^ and in the 
section draw the diameter P P' and chord BP'^ the A hppfy 
when applied \x) A BPP', will coincide with it. 

Q. E. F. 
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Proposition IV. Theorem. 

694. Through any four poinU not in the same plane, 
one spherical surface can be made to pass j and but one, 

D 




Let A, B, 0, D, be four points not in the same plane. 

We are to prove that one, and only one, spherical surface can 
he made to pass through A, B, C, D, 

Construct the tetrahedron A BCD, having for its vertices 
A, B, 0, D. 

Let E be the centre of the circle circomscribed about the 
^BuceABC. 

Draw -fi^ if ± to this face. 

Every point in -fi^ Jf is equally distant from the points A, 
B and O, ' § 450 

{oblique lines drawn from a point to a plane at equal distances from the foot 
of the ± are equal). 

Also, let F be the centre of the circle circumscribed about 
the face ^C/>; 

and draw FK ±.io this face. 

Let H be the middle point of B C. 

Draw jE^-ffandjP-ff: 

Then ^ZTand ^iTare l.ioBC. § 184 



THE SPHBBB. 856 



.•. the plane passed through EH aud FH is ± to -5 C, § 449 
{if a straight line he ± to ttvo straight lines dravm through its foot in a 
planet it is A. to the plane, and in this case the plane is ± to the line). 

Hence, this plane is also X to each of the faces ABC 
BJidBCD, §471 

{if a straight line be ± to a plane, every plane passed through that line 
is A. to the plafie), 

.-. the Ji ^ Jf and FX lie in the plane FRF, 

Hence they must meet unless they he paralleL 

But if they were II, the planes BCD and ABC would he 
one and the same plane, which is contrary to the hypothesis. 

Kow 0, the point of intersection of the Js. E M and FK, 
is equally distant from A, B and C ; and also equally distant 
jBcom B, C an^ D ; 

.'. it is equally distant from A, B, C and D. 

Hence, a spherical surface, whose centre is 0, and radius 
-4, will pass through the four given points. 

Only one spherical surface can he made to pass through the 
points A, B, C and D. v 

For the centre of such a spherical surface must lie in hoth 
the±EMa.iidFK 

And, since is the only point common to these Js, is 
the centre of the only spherical surface passing through A, B, C 
andZ>. 

Q. E. D. 

695. Corollary 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same point. 

696. Cor. 2. The six planes perpendicular to the six edges 
of a tetrahedron at their middle point will intersect at the same 
point. 
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Proposition V. Theorem. 
697. A aphere may be inscribed in any given tetrahedron, 
D 




B 
Let ABCD be the given tetrahedron. 

We are to prove that a sphere may he inscribed in ABCD. 

Bisect the dihedral A at the edges AB, BC and -4 C by 
the planes OAB, OB and AC respectively. 

Every point in the plane OABIb equally distant from the 
hcesABCsLRdABB, § 477 

For a like reason, every point in the plane OBC ia equally 
distant from the faces A B Ca.nd DBC; 

and every point in the plane A C ia equally distant firom 
the faces ABC ojid ADC, 

.'. 0, the common intersection of these three planes, is 
equally distant from the four faces of the tetrahedron. 

.*. a sphere described with as a centre, and with the 
radius equal to the distance of to any face, will be tangent to 
each face, and will be inscribed in the tetrahedron. § 673 

Q. E. D. 

698. Corollary. The six planes which bisect the six dihe- 
dral angles of a tetrahedron intersect in the same point. 



On Distances Measured on the Surface of the Sphere. 

699. Def. The distance between two points on the surface 
of a sphere is understood to be the arc of a great circle joining 
the points, unless otherwise stated. 

700. Def. The distance from the pole of a circle to any 
point in the circumference of the circle is the ^Folar distance of 
the circle. 
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Proposition VI. Theorem. 

701. The distances measured on the surface of a sphere 
from all points in the circumference of a circle to its pole are 
equal. p 




Let FyP' be the poles of the circle ABO. 

We are to prove arcs P -4, PB, P equal. 

The straight lines PA, PB and PC are equal, § 450 
{oblique lines drawn from a point to a plane at equal distances from the foot 
of the ± are equal) ; 

/. the arcs P A, P B and P C are equal, § 182 

(ifi equaZ ® equal chords, sv^tend eqxuil arcs). 

In like maimer arcs P' A, P B and P* bjcq equal 

aE.D. 



702. Corollary 1. The polar distance of a great circle is a 
quadrant. Thus, arcs PA', PB', P' A', F B', polar distances of 
the great circle A' B' C D', are quadrants ; for they are the meas- 
ures of the right angles A' OP, B' P, A' P', B' P', whose 
vertices are at the centres of the great circles PA'P'O', PB'P'D'. 

703. Scholium. Every point in the circumference of a small 
circle is at unequal distances from the two poles of the circle. 



858 GEOMETRY. — BOOK Vm. 

Proposition VII. Problem. 

704. To pass a circumference of a great circle through 
any two points on the surface of a sphere. 




Let A and B be any two points on the suitace of a 

sphere. 

It is required to pass a circumference of a great circle through 
A and B, 

From ii as a pole, witli an arc equal to a quadrant, strike 
an arc a &, 

and from ^ as a pole, with the same radius, describe an arc 
c d, intersecting ab at P, 

Then a circumference described with a quadrant arc, with 
P as a pole, will pass through A and B and be the circumference 
of a great circle. 

Q. E. F. 

705. Corollary. Through any two points on the surface 
of a sphere, not at the extremities of the same diameter, only 
one circumference of a great circle can be made to pass. 

706. Scholium. By means of poles arcs of circles may be 
drawn on the surface of a sphere with the same facility as upon 
a plane surface, and, in general, the methods of construction in 
Spherical Geometry are similar to those of Plane Geometry. 
Thus we may draw an arc perpendicular to a given spherical arc, 
bisect a given spherical angle or arc, make a spherical angle equal 
to a given spherical angle, etc., in the same way that we make 
analogous constructions in Plane Geometry. 
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Proposition VIIL Theorem. 

707. The sAortest distance on i/ie surface of a sphere 
between any two points on tliat surface is the arc, not greater 
than a semi-circumference, of the great circle which joins 



Let AB be the arc of a great circle wMch Joins any 
two points A and B on the surface of a sphere; 
and let A CFQB be any other line on the surface 
between A and B. 

We are toprove arc AB< A CPQB, 

Let P be any point in A CPQB. 

Pass arcs of great circles through A and P, and P 
and B. § 704 

Join A, P and B with the centre of the sphere 0, 
The A A OB, AOP And POB are the face A of the tri- 
hedral Z whose vertex is at 0, 

The arcs AB, AP and PB are measures of these A. § 202 

Now ZAOB<ZAOP + ZPOB, § 487 

(the sum of any two face A of a trihedral is > the third Z), 

.-. arc ^ J? < arc -4 P + arc P B, 

In like manner, joining any point in AC P with A and P 
by arcs of great (D, their sum would be greater than arc -4 P ; 

and, joining any point in PQB with P and B by arcs of 
great (D, the sum of these arcs would be greater than arc P B. 

K this process be indefinitely repeated the distance from A 
to j9 on the arcs of the great ® will continually increase and 
approach to the line A CPQB. 

.'.BTcAB<ACPQB. 

Q. E. D. 
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Proposition IX. Theorem. 

708. Every point in an arc of a great circle which 
bisects a given arc at rig At angles is equally distant from tie 
extremities of the given arc. 

Let arc CD bisect arc AB at 
right angles. 

We are to prove any point in 
C D is equally distant from A and B, 

Since great circle ODE bisects 
arc ii ^ at right angles, it also bisects 
chord ^ ^ at right angles. 

Hence, chord -4^ is JL to the 
plane(7J9'i&'atir. 

.'. Z is -L to chord ^ jff ^t its middle point. 
.'.straight lines A and OB are equal. 




.'. arcs A and B are equal. 



§430 

§58 

§182 

Q. E. D. 



Proposition X. Problem. 

709. To pass the circumference of a small circle through 
any three points on the surface of a sphere. 

Let A, B and C be any three 
points on the surface of a 
sphere. 

It is required to pass the circum- 
ference of a small circle through the 
points A, B and C, 

Pass arcs of great circles through 
A and B, A and (7, B and C, § 704 
Arcs of great circles a o and h o 
±. to AC and BC dX their middle points intersect at o. 

Then o is equally distant from A, B and C. § 708 

.'. the circumference of a small circle drawn from o as a 
pole, with an arc o A will pass through A, B and (7, and be the 
circumference required. 

Q. E. D. 
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On Spherical Angles. 

710. Dbp. The angle of tioo curves which have a common 
point is the angle included hy the two tangents to the two curves 
at that point. 

711. Dep. a spherical angle is the angle included between 
two arcs of great circles. 

Proposition XI. Theorem. 

712. The angle of two curves which intersect on the sur~ 
face of a sphere is equal to the dihedral angle between the 
planes passed through the centre of the sphere, and the tan-- 
gents of the two curves at their point of intersection. 




Let the curves A B and A C intersect at A on the sur- 
face of a sphere whose centre is ; and let A T 
and AS be the tangents to the two curves re- 
spectively. 

We are to prove Z. T A S equal to the dihedral angle formed 
hy the planes OAT and A S. 

Since A T and ^ aS' do not cut the curves at -4, they do not 
cut the surface of the sphere, 

and are therefore tangents to the sphere. 
.\ AT and -4 aS' are X to the radius A, drawn to the point 
of contact. § 186 

.'. Z T AS measures the dihedral Z. of the planes OAT 
and A S, passed through the radius A and the tangents A T 
and AS. §470 

But ZTASis the Z of the two curves ^ ^ and i C. § 710 

.". the Z of the two curves A B and AG=^ the dihedral Z 
of the planes OATa.jidOAS. 

Q. E. D. 
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Proposition XIL Theorem. 

713. A spherical angle is equal to the measure of the 
dihedral angle included by the great circles whose arcs form 
the sides of the angle. 

T- ^ 




Let B PC be any spherical angle, and BPDF and 
C PEP' the great circles whose arcs BP andCP 
include the angle. 

We are to prove Z BPG equal to the measure of the dihe- 
dral Z C'PF'B. 

Since two great (D intersect in a diameter, P P' is a 
diameter. § 685 

Draw P T tangent to the O ^ P /> P'. 

Then P T lies in the same plane as the O ^ P /> P', and is 
± to PP' at P. 

In like manner draw P T' tangent to the O CP^P'. 

Then P T' lies in the same plane as the O C PEP'y and is 
± to PP' at P. 

.\Z TPT is the measure of the dihedral Z C-PP'-B. § 470 

But spherical Z 5 P (7 is the same as plane Z T P T' -, § 710 

.*. spherical Z BPC is equal to the measure of dihedral 
Z C'PP'B. 

Q. E. D. 

714. Corollary. A spherical angle is meastired by the art 
of a great circle described about its vertex as a pole and intercepted 
by its sides {produced if necessary). For, if ^ (7 be the arc of a 
great circle described about the vertex P as a pole, P B and P 
are quadrants. Hence, B and C are perpendicular to P F. 
Therefore BOG measures . the dihedral angle B-P 0-C, and, 
hence, the spherical angle BPC. Therefore, arc BCy which 
measures the angle BOG, measures the spherical angle BPC. 
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On Spherical Poltoons and Ptramids. 

715. Def. a spherical Polygon is a portion of a surface of 
a sphere bounded by three or more arcs of great cirdes. 

The sides of a spherical polygon are the bounding arcs; 
the ajigles are the angles included by consecutive sides; the 
vertices are the intersections of the sides. 

716. Dep. The Diago7ial of a spherical polygon is an arc 
of a great circle dividing the polygon, and terminating in two 
vertices fiot adjacent 

The planes of the sides of a spherical polygon form by 
their intersections a polyhedral angle whose vertex is the centre 
of the sphere, and whose face angles are measured by the sides 
of the polygon. 

717. Dep. A spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of 
the polygon. 

The spherical polygon is the base of the pyramid, and the 
centre of the sphere is its vertex, 

718. Dep. A spherical Triangle is a spherical polygon of 
three sides. 

A spherical triangle, like a plane triangle, is right, or oblique ; 
scalency isosceles or equilateral, 

719. Def*. Two spherical triangles are equal if their suc- 
cessive sides and angles, taken in the same order, be equal each 
to each. 

720. Dep. Two spherical triangles are symmetrical if their 
successive sides and angles, taken in reverse order, be equal each 
to each. 

721. Dep. The Polar of a spherical triangle is a spherical 
triangle, the poles of whose sides are respectively the vertices of 
the given triangle. 

Since the sides of a spherical triangle are arcs, they may be 
expressed in degrees and minutes. 
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Proposition XIIL Theorem. 

722. Any side of a spherical triangle is less than the 
sum of the other two sides. 

Let ABC be any spheiical tiismgle. 

We are to prove BC < BA + AC. 

Join the vertices A, B and G with the 
centre of the sphere. 

Then, in the trihedral Z 0-A 5 C thus 
fonned, the face A A 00, AOB and 
BOO are measured, respectively, hy the 
sides AO,AB and BO. § 202 

Now, BOO<BOA + AOO, § 487 

(the turn of any two A of a trUiedral is greater than ths third jL )• 

.\BO<BA^- AO. 

Q. E.t). 

723. Corollary. Any side of a spherical polygon is less 
than the sum of the other sides. 




1 

Ex. 1. Given a cone of revolution whose side is 24 feet, and 
the diameter of its hase 6 feet ; find its entire surface, and its 
volume. 

2. Given the frustum of a cone whose altitude is 24 feet, 
the circumference of its lower base 20 feet, and that of its upper 
base 16 feet ; find its volume. 

3. The volume of the frustum of a cone of revolution is 
8025 cubic inches; its altitude 14 inches; the circumference of 
the lower base twice that of the upper base. What are the ci^ 
cumferences of the bases % 

4. The frustum of a cone of revolution whose altitude is 
20 feet, and the diameters of its bases 12 feet and 8 feet respec- 
tively, is divided into two equal parts by a plane parallel to its 
bases. What is the altitude of each part ] 
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Proposition XIV. Theorem. 

724. The sum of the sides of a spherical polygon is less 
than the circumference of a great circle. 




Let ABODE be a spherical polygon. 

We are to prove AB + BC etc, less than the circumference 
of a great circle. 

Join the vertices A, B, G etc., with the centre of the 
sphere. 

The sum of the face A AG B, BGG etc., which form a 
polyhedral Z at 0, is less than four rt. ^ . § 488 

.'. the sum of the arcs AB^ BG etc., which measure these 
face A , is less than the circumference of a great circle. 

Q. E. D. 

725. Corollary. If we denote the sides of a spherical tri- 
angle hy a, h and c, then a^r h-k- c< 360®. 



Ex. 1. The surface of a cone is 540 square inches; what 
is the surface of a similar cone whose volume is 8 times as 
great? 

2. The lateral surface of a cone is aS'; what is the lateral 
surface of a similar cone whose volume is n times as great % 
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Pboposition XV. Theorem. 

726. A point upon the surface of a sphere, which is at 
the distance of a qicadrant from each of two other points, is 
one of the poles of the great circle which passes through these 
points. 




Let P he a point at the distance of a quadrant from 
each of the two points A and B. 

We are to prove P a pole of the great circle which panes 
through A and B. 

Since PA and PB are quadrants, 

A P A SLud P B are Tt. A. 

.'. POis±to the plane of the O ABC, § 449 

(a straight liru X to two straight lines dravm throtu/h its foot in a plane is 
± to the plane), 

§683 

Q. E. D. 



, Pis a pole of the Oil ^C. 



Ex. 1. Show that two symmetrical polyhedrons may he de- 
composed into the same number of tetrahedrons symmetrical each 
to each. 

2. Show that two symmetrical polyhedrons are equivalent. 

3. Show that the intersection of two planes of symmetry of 
a solid is an axis of symmetry. 

4. Show that the intersections of three planes of symmetry 
of a solid are three axes of symmetry; and that the common 
intersection of these axes is the centre of symmetry. 
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Proposition XVI. Theorem. 

727. If y from the vertices of a given, spherical triangle 
as poles, arcs of great circles be described, another triangle is 
formed, the vertices of which are the poles of the sides of the 
given triangle. 




Let A B C be the given triangle; and, from its vertices 
A, B and C as poles, let the arcs B'C, A' C and 
A' B' respectively be described. 

We are to prove vertices A\ B' and C polei respectively of 
arcs BCjACandAB. 

Since B is the pole of the arc A' C, and C the pole of the 
arc -4'^', 

-4' is at a quadrant's distance from each of the points B and G. 

.'. A' is a pole of the arc BC, § 726 

{a point upon the surface of a sphere which is at a q\uidra'n£s distance from 
each of two other points is one of the poles of the great circle which passes 
through those points). 

In like manner, it njay be shown that £' is a pole of the 

arc A C, and C a pole of the arc A B. 

Q. E. a 

728. Scholium 1. A A' B' C is the polar oi^ABC, and, 
reciprocally, A ^ ^ (7 is the polar of A A' B' C 

729. ScH. 2. The arcs of great circles described about A^ 
B and C as poles will, if produced, form three triangles exterior 
to the polar. The polar triangles are distinguished by having 
their homologous vertices A and A' on the same side oi BC and 
B' C, B and B' on the same side oi AC and A' C, and C and 
C on the same side oi AB and A' B'. 
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Proposition XVIL Theorem. 
730. In two polar triangles each angle of either is the 
supplement of the side lying opposite to it in the other. 




Let ABC and A' B' C be two polar tii&ngles. 

We are to prove A A, B and C respectively the sujyplementa 
of the sides B' C", A' C and A' B', 

Let the sides A B and A C, produced if necessary, meet the 
side B' O in the points h and c. 

Since the vertex -4 is a pole of the arc B' C\ § 721 

Z -4 is measured hy 6 c, § 714 

(a spherical Z is measured by the arc of a great circle described ahcut its 
vertex as a pole and intercepted by its sides). 

Now, since B' is the pole of the arc ^ c, ^' c = 90®. 

Since O is the pole of the arc Ah,C'h = 90°. 

.-. ^'c+C"6 = ^'C"+6c=180°. 

.'. Z ii ( = 6 c) is the supplement of the side B' 0'. 

In like manner it may be shown that each A of either A is 
the supplement of the side lying opposite to it in the other. 

Q. E. D. 

731. Scholium. In two polar triangles each side of either 
is the supplement of the angle lying opposite to it in the other. If 
Af B and C denote the angles, and a, b and c the sides of a tri- 
angle, the angles of the polar triangle will be 180° — a, 180° 
— h and 180° — c; and the sides of the polar triangle will be 
150° - A, 180° - B and 180° - C. 

By reason of these relations polar triangles are often called 
supplemental triangles. 
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Proposition XVIII. Theorem. 

732. The mm of the angles of a spherical triangle is 
greater than two, and less than six, right angles. 




Let ABC be & spherical tii&ngle. 

We are to prove Z A + Z B + A greater than 2, attd Usm 
than 6, right angles. 

Denote the sides of the polar A opposite the A A,B^G t^ 
spectively, by a\ 6', c/. 

Then ZA= 180'' - a', Z B= 180'' -h' and Z (7 = 
180° - </, § 730 

(m two polar A each Z of either is the supplement of the side lying opposite 
to it in the other,) 

By adding, Z^ + Z^ + ZC = 540° - (a' + 6' + </). 

But a' + 6' + (/ is less than 360°, § 724 

{the sum of the sides- of a spherical polygon is less than the circumfereTice of 
a great circle), 

.-.Z^ + Z^ + Z 0180°. 

Also, since each Z is less than 2 rt. Aj 

their sum is less than 6 rt. A, 

Q. E. D. 

733. Corollary. A spherical triangle may have two, or 
even three right angles ; or two, or even three obtuse angles. 

734. Dep. a spherical triangle having one right angle Is 
called rectangular; having two right angles, birectangular ; 
having three right angles, tri-rectangular. 

Each of the sides of a tri-rectangular triangle is a quadrant, 
and the triangle is called, when reference is had to its sides, tri- 
quadrantal. 
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Proposition XIX. Theorem. 

735. Each angle of a spAerical triangle is greater than 
the difference between two right angles and the sum of the 
other two angles. 




Let AA,B and C be the angles of the spherical tri- 
angle ABC, 

We are to prove Z. A greater than the differenu hetween 180® 
and {A B-^- AC). 

I. Suppose (Z ^ + Z C) < 180^ 

Now Z^ + Z^ + Z(7> 180**. § 732 

By transposing, AA> ISO** — (Z ^ + Z (7). 

II. Suppose (Z j5 + Z C7) > 180°. 

Now of the three sides (180'' - Z i), (180° - Z B\ (180® 
— A C)iOi the polar A, each is less than the sum of the other 
two, § 722 

{dther side of a spherical A is less than the sum of the other two sides). 

.'. (180® -AB) + (180® - Z C) > 180® -A A; 

or, 360® - (AB+ AC)> 180® - A A. 

By transposing, AA>{AB + AC) — 180®. 

Q. E. D. 



Ex. 1. The volume of a cone is 1728 cubic inches; what is 
the vohime of a similar cone whose surface is 4 times as great 1 

2. The volume of a cone is F; what is the volume of a simi- 
lar cone whose surface is n times as great ) 
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736. Dbp. Eqwd spherical triangles are triangles which 
have their correspondiijg sides and angles equal each to each and 
arranged in the same order, so that when applied to each other 
they will coincide. Thus in Fig. l, ABC and A* B* G' are equal 
spherical triangles. 





Fig.1. F!g.2. 

737. Dbf. Symmetrical spherical triangles are triangles 
which have their corresponding sides and angles equal each to 
each, hut arranged in reverse order. 

Thus, in Fig. 2, ABO and A' B' C" are symmetrical spheri- 
cal triangles. For, since the face angles of the two trihedrals 
are equal respectively, but are arranged in reverse order, the 
sides of the spherical triangles, which measure these face angles, 
are equal, each to each, and are arranged in reverse order ; and 
since the dihedral angles of the two trihedrals are equal respec- 
tively, but are arranged in reverse order, the angles of the 
spherical triangles, which are equal to these trihedrals, are equal, 
each to each, and are arranged in reverse order. 

In like manner we may have symmetrical spherical poly- 
gons of any number of sides, and corresponding symmetrical 
spherical pyramids. 

Two symmetrical spherical triangles cannot be made to 
coincide. For, if their convexities lie in opposite directions, 
they evidently will not coincide ; and if their convexities lie in 
the same direction, and we apply AB io A' Bfy the vertices 
and C will lie on opposite sides of A' B'. 
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738. There is, however, one exception. Two symmetricai 
i908celes tphericaX triangles can he made to coincide. 





Thus, if -4 jB C he an isosceles spherical triangle, AB^AG 
and in its symmetrical triangle A' B' = A' C. Hence AB^ 
A' O and AG "= A' B'. And, since A A and A' are equal, if 
^ ^ he placed on A' G\ A will fall on its equal A' B'. 

In consequence of the relations estahlished hetween poly- 
hedral angles and spherical polygons, from any property of poly- 
hedral angles, we may infer a corresponding property of spherical 
polygons. Eeciprocally, from any property of spherical polygons, 
we may infer a corresponding property of polyhedral angles. 



Ex. 1. The altitude of a cone of revolution is 12 inches ; at 
what distances from the vertex must three planes be passed pai^ 
allel to the base of the cone, in order to divide the lateral siu&ce 
into four equal parts 1 

2. The altitude of a given solid is 2 inches, its surface 24 
square inches, and its volume 8 cubic inches ; find the altitude 
and surface of a similar solid whose Tolume is 512 cubic inches. 

3. The volumes of two similar cones of revolution are 6 cubic 
inches and 48 cubic inches respectively, and the slant height 
of the first is 5 inches ; find the slant height of the second. 
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Proposition XX. Theorem. 
739. Tiao symmetrical spherical triangles are equivalent. 




Let ABC and A' B' C be two symmetrical spherical 
triangles, having A B,AC and B C equal respectively 
toA'F,A'C'andB'C'. 

We are to prcm A ABO =^ A A' B'C. 

Let P and P' be poles of small circles which pass through 

Now, since the arcs AB, AG 9xA BC=^ A' B', A' C and 
B' C respectively, the cluyrds of the arcs AB, AC and B ^= 
chords of the arcs A* B\ A' C and B' 0' respectively. § 181 

.*. the plant A formed by the chords of these arcs are 
equal § 108 

.'. ® ABG and A' B' C which circumscribe these equal 
plane A are equal. 

.•.the six spherical distances P A, P B, P' A' etc. are eqtial, 
(pebig polar distaiices of equal <$> onthe same sphere), 

*\ A PABf P' A' B' ^TQ symmetrical and isosceles. 

So Hkewise are A PB C, P' B' C and A PA (7, P' A' C. 

,'. A P AB may be applied to A P' A* B' and will coincide 
with it. § 738 

So likewise A P^C with A P' B' C and A PA G with 
AP* A'G', 

.-. &^PAB'\- PBC-PAC^AP'A'B •\' P F G' - 
P'A'G', 

.\AABG<^AA*B'C'. 

Q. E. D. 

740. Corollary. Two symmetrical spherical pyramids axe 
equivalent. 



874 
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Proposition XXI. Theorem. 
741. On the name apherCy or equal spheres , two triangles 
are either equal, or symmetrical and equivalent, if two sides 
and the included angle of the one be respectively equal to two 
sides and the included angle of the other. 





In the A ABC and LEF, let AA = AD, and the 
\ sides A B and A G equal respectively the sides 
DE and DF. 

We are to prove A ABG and D EF equal, or symmetrical 
and equivalent, 

I. When the parts of tlie two A are in the same order as in Ai 

ABC&ndBEF, 

A ABC can be applied to ADEF, as in the corre- 
sponding case of plane A, and will coincide with it. § 106 

II. When the parts are in reverse order, as in A A JB C and 

construct the A 2>-^ -Asymmetrical with respect to A D'E^F. 

Then A D E F will have its A and sides equal respectively 
to those of the AD E' F. § 737 

Now in the a ii ^ a and D E F, 

/.A=/.D, AB= D E a,ud AC ^DF, 

and these parts are arranged in the same order. 

.\ AABC^ADEF. Casel 

But ADE'F^ADEF, §73? 

^'.AABC'O^AjyE'F. 

Q.E.D. 
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Proposition XXIL Theorem. 

742. Two triangles on the same sphere, or equal spheres, 
are either equal, or symmetrical and equivalent, if a side and 
two adjacent angles cf the one he equal respectively to a side 
and two adjacent angles of the other. 





For one of the A may be applied to the other, or to its sym- 
metrical A, as in the corresponding case of plane A. § lo7 

Q. E. D. 



^•' ■ Proposition XXIIL Theorem. 

743. Two muttLally equilateral triangles on the same 
\^^- sphere, or equal spheres, are mutually equiangular, and ant 
either equal, or symmetrical and equivalent. 

\ as-' 
ie ^^ ' 



iiesl*^'-' 



«^f, For the face A of the corresponding trihedral angles at the 

^Uj centre of the sphere are equal respectively, § 202 

^ C ^ . {^svMt they are measured by equal sides of the A). 

jg. .*. the corresponding dihedral A are equal. § 492 

ifl^® .'. the A of the spherical A are respectively equal. 

;, j? . .*. the A are either equal, or symmetrical and equivalent, 
iccording as their equal sides are arranged in the same, or reverse 
/, »jder. 
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Proposition XXIV. Theorem. 

744. Two mutually equiangular triangles on the same 
sphere, or equal spheres, are mutually equilateral, and are 
either equal, or symmetrical and equivalent. 





Letthe spheTic&l triangles ABC &ndDEF be mutually 
equiangular. 

We are to prove A. ABC and D E F mutually equilateral^ 
and equal, or symmetrical and equivalent. 

Let A A'B' C and !> E' F' hQ the polar A of A ^ ^ (7 and 
2>^i^ respectively. 

Then the AA'B'C and jy E' F are mutually equUat- 
•eral, §731 

(in two polar ^ each side of (he (me is the supplemeftU of the Z lying opposite 
to it in the other), 

.'. A A' B' C and D E' F are mutually equiangular, § 743 
{pvoo muitiaUy equilateral ^ on eqiuzl spheres are mutually equiangular). 

.*. A A BC and D E F q.tq mutually equilateral ; § 731 

hence A ABC ^lhA DEFsxq either equal, or symmetri- 
cal and equivalent, § 743 
{two mtUually equilateral ^ on equaZ spheres are either equals or symmetrical 

and equivalent), 

Q. E. D. 
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Proposition XXV. Theorem. 
745. The angles opposite equal sides of an isosceles 



spherical triangle are equal. 



In the spherical ^ABCy let AB = AG. 
We are to prove /. B = /. 0. 

Draw arc A D oi b. great circle, from the vertex A to the 
middle of the base B C, 

Then A ABD and AC D qxq mutually equilateral. 

.\ A. ABD and ^ (72) are mutually equiangular, § 743 
{two miUuoUly equilateral A on the same sphere are miUttally equiatigular), 

.\ZB = ZC, 
(since they are homologous A of synvnutrioaZ A). 

Q. E. D. 



746. Corollary. The arc of a great circle drawn from the 
vertex of an isosceles spherical triancjle to the middle of the base 
bisects the vertical angle, is perpendicular to the base, and di- 
vides the triangle into two symmetrical triangles. 
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Proposition XXVI. Theorem. 

747. If two angles of a spherical triangle be equal, the 
sides opposite these angles are equal, and the triangle is 
isosceles. 




In the spherical A ABC, let ZB=^ ZC. 

We are to prove AC '=^ AB. 

Let A A'B' O be the polar AoiAABC. 

Since AB^Z,C, Hyp. 

.\A'C'^A'B', §731 

(m two polar ^ each side of one is ike supplement of the Z lying opposite to 
it in the other). 

.-.ZB'^ZO', §745 

(in an i$OKeU» gphtrietU A, the A oppofite the equal tides wrt efuoT). 

.-.AO^AB. §731 

Q. E. D. 
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Proposition XXVIL Theorem. 

748. In a spherical triangle the greater aide is opposite 
the greater angle; and, conversely, the greater angle is oppo^ 
site the greater side. 




I. In the A ABO, let Z ABO Z C. 

We are to prove A G > A B. 

Draw the arc ^ 2) of a great circle, making Z C B D = Z C. 

Then I)C=DB, §747 

(if two A of a spherical A he eqiuU the aides opposite these A are eqiuil). 

Add I) A to each of these equals ; 

then 1)0+ DA= DB + DA, 

But JDB-i- DA>AB, §722 

(the sum of two sides of a spherical A is greater than the third side). 

.'. jD + D A > A B, OT A > A B. 
IL Let AO>AB. 

We are to prove Z ABO> Z 0. 
K ZABO=^ZO,AO = AB, §747 

and if ZABG<ZO,AO<AB. Case I. 

But both of these conclusions are contrary to the hypothesis. 
.\ZABO>ZO. 

Q. E. D. 
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Proposition XXVIII. Theorem. 

74«9. On unequal spheres mutually equiangular triangles 
are similar. 




From Of the common centre of two unequal spheres, 
draw the radii A, B and C cutting the sur- 
face of the smaller sphere in a, h and c. Draw- 
arcs of great circles, AB, AC, BC, ah, ac, he. 
We are to prove A ABC similar to A ah c. 

A A, B, C SLTQ equal respectively to A a, h, c, 
(since the corresponding dihedrals in each case are the same). 

In the similar sectors AOB and a Ob, 

AB :ah ::A0 :aO; §385 

and in the similar sectors A C and aOc, 

AC :ac::AO :aO. § 385 

.\AB:ah::AC:ac. 

In like manner, AB : ah :: BC :hc. 
That is, the homologous sides of the two A are proportional, 
and their homologous A are equal. 

,\ A ABC is similar to A ah c. 

Q. E. D. 

750. Scholium. The statement that mutually equiangular 
spherical A are mutually equilateral, and equal, or symmetrical 
and equivalent, is true only when limited to the same sphere, or 
equal spheres. But when the spheres are unequal, the spherical 
A are similar, but not equal. Hence, to compare two similar 
spherical A, it is necessary to know the linear extent of two 
homologous sides ; or, what is equivalent, to know the radii of 
the spheres. And, as in the case of plane A, two similar spheri- 
cal A have the same ratio as the squares of the linear measures 
of any two homologous sides, and therefore as the squares of the 
radii of the spheres. 
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On Comparison and Measurement op Spherical Surfaces. 

751. Def. a Lune is a part of the surface of a sphere in- 
cluded between two semi-circumferences of great circles, 

752. Def. The Angle of a lime is ^ 
the angle included by the semi-circum- 
ferences which forms its boundary. 
Thus Z (7 ^ J? is the angle of the lune. 

753. Def. A Spherical Ungida, or 
Wedge, is a part of a sphere bounded 
by a lune and two great semicircles. 

754. Def. The Base of an ungula 
is the bounding lune. 

755. Def. The Angle of an ungula 
is the dihedral of its bounding semicir- 
cles, and is equal to the angle of the bounding lune. 

756. Def. The Edge of an ungula is the edge of its angle. 

757. Def. The Spherical Excess of a spherical triangle is 
the excess of the sum of its angles over two right angles. 

C ' 758. Def. Three planes which 

pass through the centre of the sphere, 
each perpendicular to the other two, 
divide the surface of the sphere into 
eight tri-rectangular triangles. Thus 
\Bi\\Q three planes G A D B, CEDE 
and A E B F divide the surface of 
the sphere into the eight tri-rectangular 
triangles CEB.DEB, GBF, DBF, 
etc. 

As in Plane Geometry the whole 
angular magnitude about any point in a plane is divided by two 
straight lines perpendicular to each other into four right angles, 
and each right angle is measured by a quadrant, or fourth part 
of a circumference described about that point as a centre with 
any given radius ; so, if, through a point in space, three planes 
be made to pass perpendicular to one another, they will divide 
the whole angular magnitude about tliat point into eight solid 
right angles, each of which is measured by an eighth part of the 
surface of a sphere described about that point with any given 
radius. - 

And, as in Plane Geometry, each quadrant which measures 
a ri<yht angle is divided into 90 equal parts called degrees, so 
each of the eight tri-rectangular spherical triangles is divided 
into 90 equal parts called degrees of surface. Hence, the whole 
surface of the sphere is divided into 720 degrees of surface. 
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Proposition XXIX. Lemma. 
759. The area of the mrface generated hy the revolution 
of a straight line about another line in the same plane with it 
as an axis, is equal to the product of the projection of the line 
on the axis, by the circumference whose radius is perpendicular 
to the revolving line erected at its middle point and termi- 
nated by the axis. 




Let the stmight line A B revolve about the axis 7 T 
in the same plane; let E F he its projection on 
the axis; and G the perpendicular to A B at its 
middle point C, and terminated in the axis. 

We are to prove area AB = EFX 2 n C. 

The surface generated hj AB is the lateral surfece of the 
frustum of a cone of revolution. 

Draw CI£±, and ADW.to YT. 

Then SLVes. A B = A B X 2 n C ff^ §662 

(t?ie lateral area of a frustum of a cone of revolution is equal to the slaid 

height multiplied hy the circumference of a section equididant from its 

The A A BD and C ff Sive similar; "" § 287 

.'.AB :AB iiCff'.CO. 

BhtCHiCO ::2 7rCH:2 7rCO, §375 

(circumferences of © Jiave the same ratio as their radii), 

.\AD :AB:'.2 7FCH'.2'!rC0. 

.\ADX27rGO = ABX 2 w C K 

.'.aTeaofAB==ADX 2 tt C 0. 

^ow AD = EF. § 135 

.-. area ^ ^ = ^i^ X 2 IT (7 0. 

Q. E. D. 

760. Scholium. If either extremity of ^ ^ be in the axis 
TY',AB generates the lateral surface of a cone of revolution ; and 
if ^ ^ be parallel to the axis Y F', it generates the lateral area of 
a cylinder of revolution. In either case the formula holds good* 
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EXEBCISES. 

1. If, from the extremities of one side of a spherical triangle, 
two arcs of great circles he drawn to a point within the triangle, 
the sum of these arcs is less than the sum of the other two sides 
of the triangle. 

2. On the same sphere, or on equal spheres, if two spherical 
triangles liave two sides of the one equal respectively to two 
sides of the other, hut the included angle of the first greater 
than the included angle of the second, then the third side of the 
first will he greater than the third side of the second. 

3. To draw an arc perpendicular to a given spherical arc, 
from a given point without it. 

4. At a given point in a given arc, to construct a spherical 
angle equal to a given spherical angle. 

5. To inscribe a circle in a given spherical triangle. 

6. Given a spherical triangle whose sides are 60°, 80°, and 
100° ; find the angles of its polar triangle. 

7. The volume of a pyramid is 200 cubic febt ; find the vol- 
ume of a similar pyramid which is three times as high. 

8. Find the centre of a sphere whose surface shall pass through 
three given points, and shall touch a given plane. 

9. Find the centre of a sphere whose surface shall pass through 
three given points, and shall also touch the surface of a given 
sphere. 

10. Find the centre of a sphere whose surface shall touch two 
given planes, and also pass through twa given points which lie 
between the planes. 



384 



GEOMETRY. BOOK VIIL 



Proposition XXX. Theorem. 

761. The area of the surface of a sphere is equal to the 
product of its diameter hy the circumference of a great circle, 
A A 




Let ABODE he the ciTcnmference of a, great circle, 
and AD the diameter, and OA the radius of a 
sphere. 

We are to prove surface of sphere = ADX27rOA. 

Let the semicircle and any regular inscribed semi-polygon 
revolve together about the diameter A D, 

The semi-circumference will generate the surface of the 
sphere, 

and the semi-perimeter a surface equal to the sum of the 
surfaces generated by the sides AByBC, CD, etc. 

Draw from the centre 0, ^OH^OI and OKio the chords 
AB.BGy CD, etc. 

These j£ bisect the chords and are equal; § 185 

.•.area^5 = ^PX 2 7rOjy; * §759 

a.Tea,BC = PBX 2 7rOI; 
and area GD = RDX2vOK. 
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Adding, and observing that Hj 1 and -iT are equal, 

area^^(7/) = (^P+ FB + BD)X 2nOH. 
.'.avGa,ABCD = AD X 2 ir OH. 

Now, if the number of sides of the regular inscribed semi- 
polygon be indefinitely increased, the surface genemted by the 
semi-perimeter will approach the surface of the sphere as its 
limit, and H will approach A as its limit. 

.'.at the limit we have 

surface of the sphere = ^ i> X 2 ir O^i. § 199 

Q. E. D. 



762. Corollary 1. If i? denote the radius of the sphere, 
then A D will equal 2 R, and A will equal R. Hence the 
surface of a sphere equals 2RX2TrR = 4:irR^. 

763. Cor. 2. Since the area of a great circle of a sphere is 
equal to tt R^ (§ 381), and the area of the surface of a sphere is 
equal to 4 w R\ the surface of a sphere is equal to foUr great, 
circles, 

764. Cor. 3. If we denote the surfaces of two spheres by 
S and aS'', and their radii by R and R\ we have S : S^ :: 4: it R^ : 
4 w R^, or S : S^ :: R^ : R'^ ; that is, the surfaces of two spheres 
7iave the same ratio as tlie squares on their radii, 

765. Cor. 4. Since aS' = 4 w i^^ = «■ (2 Rf, the surface of a 
sphere is equivalent to a circle whose radius is equal to the diameter 
of the sphere. 
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Proposition XXXL Thborbm. 

766. A lune is to the stcrface of the sphere as the angle 
of the lune is to four right angles, 

A 




Let L denote the lune ABEC whose angle is A; S, 
the surface of the sphere; and BCDF, a great 
circle whose pole is A. 

We are to prove — = . 

^ 4 rt. 4 , 

Now the arc B C measures the A A oi the lune ; § 714 

and the circumference BCDF measures A:xi, A. 

Cask I. — If B O and B D F be commeTumrable, 

Find a common measure of BO and BCDF, 

Suppose this common measure to be contained in -5(7 3 times, 

a,nd in B'C B F 25 times. 



Then _A^ = (_!£_) = 



25' 



Pass arcs of great (D through A and these points of division. 
The entire surface will be divided into 25 equal lunes, of 
which lune L will contain 3. 

" S 2b' 

A 3 , L A 

4rt.^""25' " ^"" 4rt.^' 



But 
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Case II. — IfBG wnd B CDF he incommejisura^le, 

the proposition can be proved by the method of limits, as 

employed in § 201. 

Q. E. D, 



767. Corollary. If we denote the surface of the tri-rectan- 
gular triangle by T, the surface of the whole sphere will be 8 ^ 
(§ 758), and if we denote the surface of the lune by Z, and its 
angle by A, the unit of the angle being a right angle, we shall 

have 3-=v = t* Therefore L = T X 2 A. 
6 2 4 

, And if we take the tri-rectangular triangle as the unit of 

surface in comparing surfaces on the same sphere, we shall have 

L = 2A. That is, if a right angle he the unit of angles and the 

tri-rectangular triangle be the wiit of spherical surfaces, the area 

of a lune is expressed hy twice its angle. 

768. Scholium. We may also obtain the area of a lune 
whose angle is known, on a given sphere, hy finding the area of the 
sphere, and multiplying this area hy the ratio of the angle of the 
lune, expressed in degrees, to 360°. Thus, if the angle of the lune 
be 60°, the area of the lune will be ^^ of the area of the sphere. 



Ex. 1. Given the radius of a sphere is 10 feet ; find the area 
of a lune whose angle is 30°. 

2. Given the diameter of a sphere is 16 feet; find the area 
of a lune whose angle is 75°. 

3. Given the diameter of a sphere is 20 inches; find the 
entire surface of its circumscribed cylinder ; and of its circum- 
scribed cone, the vertical angle of the cone being 60°. 



388 GEOMETRY. BOOK VIH. 



Proposition XXXIL Theorem. 

769. If two circumferences of great circles intersect on 
the surface of a hemisphere, the sum of the opposite triangles 
thus formed is equivalent to a lune whose angle is equal to 
that included hy the semi-circumferences. 




Let the semi- circumferences BAB and CAE intersect 
at A on the surface of a hemisphere. 

We are to prove A A^ G + A DAB equivalent to a lune 
whose angle is B AG. 

The semi-circumferences produced intersect on the opposite 
hemisphere at A'. 

Then each of the arcs A D and A' B \& the supplement of 
AB, 

{ttoo great (D bisect each other). 

.'.AD==A'B. 

In like manner, A E -= A' G d^ndi D E = B G. 

.'. A ABE and A'BG are symmetrical and equiva- 
lent. §743 

.',AABG^ AABE = AABG + AA'BG = lune 
ABA'GA. 

That \^,AABG-\-AABE = lune whose Z is BA G. 

Q. E. D. 

770. Corollary. The sum of two spherical pyramids, the 
sum of whose hases is equivalent to a lune, is eqidvalent to a 
wedge whose hase is the lune. 
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Proposition XXXIII. ' Theorem. 
771. Tlie area of a spherical triangle is equal to the 
iri-Tectangulat triangle multiplied ht/ the ratio of the spherical 
excess of the given triangle to one right angle. 




Let ABC be a spherical triangle, and T the area of 
the tri-rectangnlar triangle. 
We are to prove AABG=T{AA + B+C-'2). 

Complete the circumference ABD E, 
Produce A G and BC to meet this circumference in I) and E, 
Then A ABC + BCD (=\iiue A) = TX 2 Z A, § 767 
A A B C + A C £ {==\\iue B) ^ T X 2 Z B, § 767 

AABC+I)CB{= lune C) (§ 769) = T X 2 Z C. § 767 
By adding these equalities, 
2AABC'\-AABC + BCD + ACE-{-I)CJS 
= TX2{AA + B-{-C). 
But AABC + BCD + ACU+ DG£: = ^ T, §758 

(the surface of a liemispliere is equal to 4 tri-rectangular A). 

.\2AABC'\'4:.T=TX2{AA^B-{-C)] 

.',AABC=TX(AA + B+C-2). 

Q. E. D. 

772. Scholium 1. 1^ ZA = 140^ ZB= 120^ and Z C = 
100®, a right angle heing the unit, 

\90° 90° 90** / 

773. ScHO. 2. To find the area of a spherical triangle on a 
given sphere^ the angles of tfie triangle being given, we may multi- 
ply the area of the hemisphere by the ratio of the sptierical excess 
to 360°. 

Thus if Z ^ = 140°, Z ^ = 120° and Z C = 100°, since 
the hemisphere is 2 ir R^, we have A ABC ■= 2 ir B^ X 
ZA-\-ZB^'ZC- 180° __ 180^ 

360° ~ 2 IT y^ X 3gQo = »■ i2 . 
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Proposition XXXIV. Theorem. 
774. The area of a spherical polygon is equal to the 
tri-rectangular triangle multiplied hy the ratio of the spherical 
excess to one right angle. 




Let P denote the area, of the spherical polygon; S the 
sum of its angles; n the number of its sides ; ty tf, 
t" ., . the areas of the triangles formed by drawing 
diagonals from any vertex A ; s, sf, sf' . . , respec- 
tively the sums of the angles of these triangles; 
and T the tri- rectangular triangle. 

We are toprove F= T[S—2{n — 2)]. 

Now t^T(s-2), § 771 

(tJie area of a spJierical A is eqrial to its spherical excess multiplied into the 
area of the tri-rectangular A). 

i/=-T{^- 2), § 771 

and <'' = 7'(8"-^2), ... 

By adding these equalities, 

e + «'+<'',... = r [« + s' + «" + ...- 2 (» - 2)]. 

But e + <'+^' + . . . = P; 

and « + s' + 5" + ...== )S. 

_Q.E.O. 
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775. CoROLLART. The volume of a spherical pyramid is to 
the volume of the trirrectangular pyramid, as the hose of the pyra- 
mid is to the trirrectangular triangle. And, since the volume of 
the tri-rectangular pyramid is \ the volume of the sphere, and 
the area of the tri-rectangular triangle is \ of the surface of the 
sphere ; th^ volume of a spherical pyramid is to the volume of the 
sphere as its hose is to the surface of the sphere. 




776. Dep. a Zone is the part of the surface of a' sphere in- 
cluded hetween two parallel circles of the sphere ; as the surface 
included between the circles ABC arid EFG, 

*l*l*l, Def. The Bases of a zone are the circumferences of 
the intercepting circles; as circumferences ABC and EFG, 
If the plane of one hase become tangent to the sphere, that 
base becomes a point, and the zone will have but one base. 

778. Dep. The altitude of a zone is the perpendicular dis- 
tance between the planes of its bases. 

779. Dep. A Spherical Segment is a part of the sphere in- 
cluded between two parallel planes. 

780. Dep. The Bases of a spherical segment are the bound- 
ing circles. 

One of the planes may become a tangent plane to the sphere. 
In this case the segment has but one base. 

781. Dep. The Altitude of a spherical segment is the per- 
pendicular distance between the planes of its baaes. 
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782. Def. a Spherical Sector is a part of a sphere gener- 
ated by a circular sector of the semicircle which generates the 
sphere ; aa AG C K. 

783. Dep. Tiie Base of a spherical sector is the zone gener- 
ated by the arc of the circular sector ; sls AC K. 

The other bounding surfaces of a spherical sector may be 
one conical surface, or two conical surfaces ; or one conical and 
one plane surface. 

Thus, let ^ ^ be the diameter around which the semicircle 
AG B revolves to generate the sphere. The solid generated by 
the circular sector AG G will be a spherical sector having the 
zone A G K for its base, and for its other bounding surface the 
conical surface generated by G G, 

The spherical sector generated hjGOD has for its base the 
zone generated by G D, and for its other surfaces the concave 
conical surface generated by I) G, and the convex coiucal surface 
generated by G G, 

The spherical sector generated hy EG F has for its base the 
zone generated by E F, and for one surface the plane surface 
generated by E G, and for the other surface the concave conical 
surface generated by F G. 
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Proposition XXXV. Theorem. 

784. The area of a zone is equal to the joroduct of its 
altitude by the circunference of a great circle. 

A 




D 

Xet ABODE be the circumference of a great circle, 
BC s,ny arc of this circumference, and OA the 
radius of the sphere. And, let FE be the altitude 
of the zone generated by arc B C. 

We are to prove zone BC = PRX 2 ir A. 

If the semicircle -4^ C2> revolve about the diameter A J) 
as an axis, the semi-circumference AB CD will generate the sur- 
fiace of a sphere ; the arc B C, & zone, 

and the chord BC,a. surface whose area i8Pi?X27r^/. § 759 

Now if we hisect the arc B C, and continue this process in- 
definitely, the surface generated by the chords of these arcs will 
approach the zone as its limit ; 

the JL / will approach the radius of the sphere as its limit ; 

while P R will remain constant. 

.-. at the limit, zone BC^FBX2jr OA. 

Q. E. D. 

785. Corollary 1. Zones on the same sphere^ or equal 
spheresy have tJte same ratio as their altitudes, 

786. CoR. 2. A zone is to the surface of the sphere as the 
altitude of the zone is to the diameter of the sphere. 

787. CoR. 3. Let arc A B generate a zone of a single base. 
Then, zone AB = AFX 2ir OA. Hence, zone AB = ir AP 
X AD =^ IT A~S^. (§ 307.) That is, a zone of one base is equiv- 
alent to a circle whose radius is the chord of the generating arc. 
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On the Volume op the Sphere. 



Proposition XXXVI. Theorem. 

788. The volume of a sphere is equal to the area of its 
surface multiplied by one-third of its radius. 

G F 





D 



Let R be the radius of a sphere whose centre is O, S its 
surface, and V its volume. 

We are to prove V=SX^B. 

Conceive a cube to be circumscribed about the sphere. 

From 0, the centre " of the sphere, conceive lines to be 
drawn to the vertices of each of the polyhedral A A, B, C, D, etc. 

These lines are the edges of six quadrangular pyramids, 
•whose bases are the faces of the cube, and whose common altitude 
is the radius of the sphere. 

The volume of eacli pyramid is equal to the product of its 
base by J its altitude. ^ § 574 

.*. the volume of the six pyramids, that is, the volume of 
the circumscribed cube, is equal to the surface of the cube mul- 
tiplied by J i?. 

Now conceive planes drawn tangent to the sphere, cutting 
each of the polyhedral A of the cube. 

We shall then have a circumscribed solid whose volume will 
be nearer that of the sphere than is the volume of the circum- 
scribed cube. 
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From conceive lines to be drawn to each, of the polyhiedral 
A of the solid thus formed, a, 6, c, etc. 

These lines will form the edges of a series of pyramids, 
whose bases are the surface of the solid, and whose common alti- 
tude is the radius of the sphere ; 

and the volume of each pyramid thus formed is equal to 
the product of its base by J its altitude. 

.'. the sum of the yolumes of these pyramids, that is, the 
volume of this new solid, is equal to the surface of the solid mul- 
tiplied by J R. 

Now, this process of cutting the polyhedral A by tangent 
planes may be considered as continued indefinitely, 

and, however far this process is carried, it will always be 
true that the volume of the solid is equal to its surfiace multiplied 
by J J2. 

But the sphere is the limit of this circumscribed solid. 

.\V=-SX\R. §199 

Q. E. D. 

789. Corollary 1. Since /S'=4fr^ (§ 762), r=4ir^X 
J7? = $7r-R*. If we denote the diameter of the sphere by 

790. Cor. 2. Denote the radius of another sphere by R' and 

V 4 TT jR* R^ 
its volume by F'; we have V'=%nR'\ '''f^ ^nR'^ ^R^' 

That is, spheres are to each other as the cubes of their radii. 

791. Cor. 3. The volume of a spherical sector is equal to the 
product of the area of the zone which forms its base by one-third 
the radius of the sphere. 

Let R denote the radius of a sphere, C the circumference of 
a great circle, H the altitude of the zone, Z the surface of the 
zone, and 7 the volume of the corresponding sector. 
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Then C = 2iri?; §381 

Z=GXn=2nRXH] §784 

792. Cor. 4. The volumes of spherical sectors of the same 
sphere, or equal spheres, are to each other as the zones which form 
their bases, or as the altitudes of these zortes. 

For, let V and V denote the volumes of two spherical 
sectors, Z and Z^ the zones which fonn their bases, H and W 
the altitudes of these fones, and M the radius of the sphere. 

Then 



And since -— == 
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793. Cor. 5. The volume of a spherical segment of one 
base, less than a hemisphere, generated by the revolution of a 
semi-segment A B iC7 about the diameter AL, may be found by 
subtracting the volume of the cone of revolution generated by 
OB G from that of the spherical sector A B, 

In like manner, the volume of a spherical segment of on© 
base, greater than a hemisphere, generated by the revolution of 
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A B'C may be fotmd by adding the volume of the cone of revo- 
lution generated by B' C to that of the spherical sector gener- 
ated by -40^'. 

794- Cor. 6- The volume of a spherical segment of two 
bases, generated by the revolution of C B B' C about the diame- 
ter A By may be found by subtracting the volume of the segment 
of one base generated hj A B C from that of the segment of 
one base generated by A B' C. 



Exercises. 



1. Given a sphere whose diameter is 20 inches ; find the cir- 
cumference of a small circle whose plane cuts the diameter 4 
inches from the centre. 

2. Construct, on the spherical blackboard, spherical angles of 
30°, 45°, 90°, 120°, 150° and 135°. 

3. Construct, on the spherical blackboard, a spherical triangle, 
whose sides are 100°, 80° and 70° respectively. What is true 
of its polar triangle 1 

4. Find the surface and volume of a sphere whose radius is 10 
inches ; also find the area of a spherical triangle on this sphere, 

. the angles of the triangle, being 80°, 85° and 100° respectively. 

5. If 7 equidistant planes cut a sphere, each perpendicular to 
the s£ime diameter, what are the relative areas of the zones 1 

6. Given, two mutually equiangular triangles on spheres whose 
radii are 10 inches and 40 inches respectively ; what are their 
relative areas 1 

7. Let V denote the volume of a spherical pyramid, S its base, 
E the spherical excess of its base, and R the radius of the sphere ; 
show that aS' = I IT i22 ^, and F= ^ tt R^ E. 

8. Given, the volume of a sphere 1728 inches : find its radius_ 
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9. Find the ratio of the surfiaces, and the ratio of the volumes, 
of a cube and of the inscribed sphere. 

10. Find the ratio of the surfaces, and the ratio of the vol- 
umes, of a sphere and the circumscribed cylinder. 

11. Let V denote the volume and H the altitude of the spher- 
ical segment of one base, and R the radius of the sphere ; show 
that V = irH^{R — \ H). Also, find V when R = 12 and 

12. Given, a sphere 2 feet in diameter; find the volume of a 
segment of the sphere included between two parallel planes, one 
at 3 and the other at 9 inches from the centre. (Two solutions.) 

13. A sphere 4 inches in diameter is bored through the centre 
with a two-inch auger ; find the volume remaining. 



THE END. 



Pkess of Rockwell and Chuuchill, 
39 Arch St., Boston. 
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